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Outline of this lecture series

1. Yesterday: game-theoretic testing

2. Now: game-theoretic estimation

3. Today afternoon: game-theoretic change detection



Quick recap of game-theoretic testing



Gambling/betting

Information
Theory

(Eg: Kelly, Cover)

Online learning 
+ optimization

(Eg: Cover,
Orabona)

Probability  
+ Finance

(Eg: Ville, Shafer, Vovk)

Statistics
(Eg: Grunwald,
Shafer, Vovk)



In order to test a hypothesis, one sets up a game such that:  
if the null is true, no strategy can systematically make (toy) money, 

but if the null is false, then a good betting strategy can make money.
 

Wealth in the game is directly a measure of evidence against the null.
 

Each strategy of the statistician = a different estimator or test statistic.  
So there are “good” and “bad” strategies for betting, 

just as there are good and bad estimators or test statistics.

Testing and estimation == game and strategy design. 

Core idea: Testing by betting



A p-process (or anytime-valid p-value) for a null
 is a sequence  that satisfiesH0 : P ∈ 𝒫 (pt)t≥1

Johari et al. (2015, 2021), 
Howard, Ramdas, et al. (2018, 2021)

An e-process for  is a sequence of e-values H0 (et)t≥1

For any stopping time τ, P ∈ 𝒫 : P(pτ ≤ α) ≤ α .

sup
τ

sup
P∈𝒫

𝔼P(eτ) ≤ 1.

Howard, Ramdas, et al. (2018-2021)  
Grunwald et al. (2019-2021) 

Shafer (2020), Vovk & Wang (2021)

An e-value for  is a -valued r.v.  s.t. 
 (e for evidence or expectation)

H0 [0,∞] e
∀P ∈ 𝒫, 𝔼P(e) ≤ 1.

Eg: nonnegative martingales, supermartingales and more.



Summary

Testing by betting is a simple framework for hypothesis testing that 
yields sequential, anytime-valid inference.

Optimal gambling strategies are based on likelihood ratios. 
Composite alternatives are handled using mixtures (hedging).

Composite nulls are handled using reverse information projections,
or via universal inference (maximum-likelihood under the null).

(Composite) Nonnegative (super)martingales are secretly likelihood 
ratios, even when no reference measure exists.

E-processes exist more generally, even when nonnegative 
supermartingales do not exist. They are central objects: necessary 

and sufficient for sequential testing.



So what about estimation?



Estimating means of bounded 
random variables by betting 
(J Royal Stat Society B, 2023, discussion paper)

Ian Waudby-
Smith

A nontrivial 
nonparametric 

example



Let  be independent r.v. , with mean .X1, X2, …, ∈ [0,1] μ

Q1. How can we construct a confidence interval for ?μ

A1. Hoeffding:[Xn ± log(2/α)
2n ] ∩ [0,1]

A2. Empirical Bernstein: Xn ± 2 ̂σ 2 log(4/α)
n

+
7 log(4/α)
3(n − 1)

A3: Betting — significantly tighter!

Q2. How can we construct a confidence sequence for ?μ

Setting 1 Note: rich nonparametric set of distributions 
without a reference measure (hence no likelihood ratios)



A “confidence sequence (CS)” for a parameter 
is a sequence of confidence intervals  
that are constructed from the first  samples, and
have a uniform (simultaneous) coverage guarantee.

θ
(Ln, Un)

n

Darling, Robbins ’67, ‘70s
Lai ’76, ’84

Robbins, Siegmund ‘70s

Much stronger than the pointwise (fixed-sample) 
confidence interval (CI) guarantee:

∀n ≥ 1, ℙ(θ ∈ (L̃n, Ũn)) ≥ 1 − α .

ℙ(∀t ≥ 1 : θ ∈ (Lt, Ut)) ≥ 1 − α .

(Another motivation:  should not 
contradict  for any . 

With pointwise CIs, intersection  a.s., 
but with CSs, intersection  w.p. )

(Ln, Un)
(Lm, Um) m > n

= ∅
= θ 1 − α

For any stopping time τ : ℙ(θ ∉ (Lτ, Uτ)) ≤ α .



ℙ(∃n ∈ ℕ : θ ∉ (Ln, Un)) ≤ α .

ℙ(∀n ≥ 1 : θ ∈ (Ln, Un)) ≥ 1 − α .

ℙ( ⋃
n∈ℕ

{θ ∉ (Ln, Un)}) ≤ α .

Equivalent definitions:

More generally:

ℙ(∀n ≥ n0 : θn ∈ Cn) ≥ 1 − α .
ℙ(∃n ∈ 2ℕ : θ ∉ (Ln, Un)) ≤ α .



Some implications: 
1. Valid inference at arbitrary stopping times:
 

2. Valid post-hoc inference (in hindsight):

 
3. No pre-specified sample size: 
   can extend or stop experiments adaptively.

ℙ( ⋃
n∈ℕ

{θ ∉ (Ln, Un)}) ≤ α .

For any stopping time τ : ℙ(θ ∉ (Lτ, Uτ)) ≤ α .

For any random time T : ℙ(θ ∉ (LT, UT)) ≤ α .

Fact: the aforementioned properties imply each other.



Converting the problem to a game

Initial capital  

For each 
      For each , statistician declares “bet” 
      Reality reveals  
      Statistician’s wealth in game  becomes 

K(m)
0 = 1 for every (game) m ∈ [0,1] .

t = 1,2,…
m ∈ [0,1] λ(m)

t ∈ [− 1
1 − m , 1

m ]
Xt

m K(m)
t = K(m)

t−1 ⋅ (1 + λ(m)
t (Xt − m))

 
 

(the games in which the statistician did not earn enough wealth)

Ct := {m ∈ [0,1] : K(m)
t < 1/α}

Theorem: For any betting strategy,  is a confidence sequence  
for the true mean .

(Ct)t≥1
μ

Two questions: Why is  a valid confidence set?  
How do we bet so that it is an efficient (small) set?

Ct



Ct := {m ∈ [0,1] :
t

∏
i=1

(1+λi(Xi − m)) < 1/α}



1. For each , let us test .m ∈ [0,1] H(m)
0 : 𝔼P[Xi |X1, …, Xi−1] = m

2.  yields a confidence sequence for .Ct := {m : K(m)
t < 1/α} μ

, where .K(m)
t := ∏

i≤t

(1 + λ(m)
i (Xi − m)) λ(m)

i ∈ [−1/(1 − m),1/m]

predictable

sup
P∈𝒫μ

P(∃t ∈ ℕ : μ ∉ Ct) ≤ α .



1. For each , let us test .m ∈ [0,1] H(m)
0 : 𝔼P[Xi |X1, …, Xi−1] = m

2.  is a confidence sequence for .Ct := {m : K(m)
t < 1/α} μ

, where .K(m)
t := ∏

i≤t

(1 + λ(m)
i (Xi − m)) λ(m)

i ∈ [−1/(1 − m),1/m]

sup
P∈𝒫μ

P(∃t ∈ ℕ : μ ∉ Ct) ≤ α .

 is a nonnegative martingale with initial value one 
(“test martingale”).

K(μ)
t

Ville’s inequality sup
P∈𝒫μ

P(∃t ∈ ℕ : K(μ)
t ≥ 1/α) ≤ α .

 is incorrect only if  exceeds . But this is happens w.p. .Ct K(μ)
t 1/α ≤ α



But we don’t know . Approximate solution: 
differentiate wrt , and set equal to zero (KKT), 
Taylor expand, and plug-in empirical estimates.

 .

(  use the first  samples)

P
λ

λm
t =

̂μ t − m
̂σ 2
t + ( ̂μ t − m)2

̂μ t and  ̂σ 2
t t − 1

Growth Rate Adaptive to the Particular Alternative 
 

λm
t (P) := arg max

λ∈[−1,1]
𝔼P[log(1 + λ(Xt − m)) | ℱt−1] .

But, how should we bet? (Option 1: GRAPA)







In iid settings, , 
(i.e. we match / beat the leading term of Bernstein’s inequality, 
 even though we do not know  — tight empirical Bernstein)

lim
n→∞

nWidth(Cn) − nWidth(Bernstein) ≤ 0

σ
Shekhar + Ramdas (2023, arXiv)





K(μ)
t := ∏

i≤t

(1 + λi(Xi − μ))

 is a test martingale 
if and only if 

every  has conditional mean .

K(μ)
t

Xi μ

Thus, the capital process being a nonnegative martingale 
— which is the only property we used for validity — 
is not just an implication of the problem statement, 

it is actually logically equivalent to the problem statement.

Games, capital processes are intrinsic to (many/most/all?) 
testing problems

This is not just true for the presented problem, but a slew of other
nonparametric problems like independence testing, heavy-tailed estimation, 
etc. We can prove that SAVI inference MUST be based on capital processes.

Ramdas, Ruf, Larsson, Koolen 
(arXiv:2009.03167)



A multi-round game against an adaptive, constrained adversary

1. Statistician discloses bets for every , depending on past.m

At each time t

Adversary first picks .μ ∈ [0,1]

2. Adversary then picks a distribution , which could 
also depend on the past, and on the bets.

Qμ
t ∈ 𝒬μ

3. Nature verifies that rules are being followed, draws  
and presents it to the statistician. 

Xt ∼ Qt

 is a “closed, fork-convex” set. Sequential analog of convexity.𝒫μ



Q1. How can we construct a confidence interval for  ?μ :=
N

∑
i=1

xi/N

A1. Hoeffding:[Xn ± log(2/α)
2n ]

A3: Betting — significantly tighter!

Q2. How can we construct a confidence sequence for ?μ

 are fixed non-random numbers in .x1, …, xN [0,1]
Xt |{X1, …, Xt−1} ∼ Unif[{x1, …, xN}\{X1, …, Xt−1}] .

A2. Serfling (1970s), Bardenet-Maillard (2014), etc.

Setting 2

See the paper 
for details



Steve 
Howard

Jas 
Sekhon

Jon  
McAuliffe

Time-uniform, nonparametric, 
nonasymptotic confidence sequences

(AoS’21, Probability Surveys’20)

+ “Time-uniform Chernoff bounds”



Assumption 1

Sub-Gaussian

Theorem 1

Moment 
Conditions Bounded Symmetric Non-positive

Hoeffding Bernstein Bennett Freedman de la Pena Bercu- 
TouatiMatrix-

Hoeffding
Matrix- 

Freedman
Matrix- 
Bennett

Matrix- 
de la Pena

Matrix-
Bernstein

“stronger”

“weaker”



“stronger”?
           
(A) Assumptions 
 
(B) Boundary

(C) Continuous

(D) Dimension

(E) Exponent





Assumption 1

Sub-Gaussian Moment 
Conditions Bounded Symmetric Non-positive

Often,  is a CGF (log-MGF),  as .ψ(λ) ψ(λ) ≈ λ2/2 λ → 0

Given a “sum process” , assume that we can find  
a “variance process”  and a function  such that 

 is upper bounded by a test  
supermartingale for any .

(Sn)
(Vn) ψ(λ)

exp(λSn − ψ(λ)Vn)
λ ∈ [0,λmax)

“Sub-  supermartingale or e-process”ψ

slightly simplified



 

Define .Mn :=
n

∏
i=1

exp(λXi−
λ2

2 σ2
i )

Example: subGaussian observations  
𝔼[exp(λXi) |ℱi−1] ≤ exp(λ2σ2

i /2)

If  and  is -subGaussian,  
then  is an NSM for . 

𝔼[Xi |ℱi−1] ≤ 0 Xi σi
Mn λ ≥ 0

Robbins et al. 1960s/70s



Denote , . 

Define  

Sn :=
n

∑
i=1

Xi Vn =
n

∑
i=1

X2
i

Mn := exp(λSn − (−log(1 − λ) − λ))Vn)

=
n

∏
i=1

exp(λXi − ψE(λ)X2
i )

Example: observations bounded on one side

If , and ,  
then  is an NSM for . 

Xi ≥ − 1 𝔼[Xi |ℱi−1] ≤ 0
Mn λ ∈ [0,1]

Fan et al. (2015)



Theorem 1

2 Main results

Our starting point is a concentration bound for random walks which holds uniformly over time with a
boundary that grows linearly in time. Let (Sn)1n=1

and (Vn)1n=1
be two real-valued processes adapted to

an underlying filtration (Fn)1n=0
. We think of Sn as a summary statistic accumulating over time, while Vn

is an accumulated “variance” process which serves as a measure of intrinsic time, an appropriate quantity
to control the deviations of Sn from its expectation (Blackwell and Freedman 1973). We use En, Pn and
Varn to denote expectation, probability and variance conditioned on Fn, respectively. Our key assumption
ensures that Sn is unlikely to grow too quickly relative to intrinsic time Vn; the relationship is quantified by
a function  : R ! R? where R? denotes the extended reals. Throughout this paper,  is strictly convex,
but this fact is only utilized in Theorem 1.

Assumption 1. Let (Sn)1n=1
and (Vn)1n=1

be two real-valued processes adapted to an underlying filtration

(Fn)1n=0
. For each � > 0, we assume that there exists a supermartingale (Ln(�))1n=0

with respect to (Fn)
such that EL0 := EL0(�) is constant for all �, and a function  (�) such that

exp {�Sn �  (�)Vn}  Ln(�), a.s. 8n � 1.

Section 3.1 collects a variety of su�cient conditions from the literature for this assumption, illustrating its
broad applicability and motivating its form. From Assumption 1, a standard martingale inequality yields
the aforementioned linear uniform bound, which makes use of the following two transformations of  :

 
?(u) := sup

�2R
[�u�  (�)] (the Legendre-Fenchel transform), and

s(u) :=
 ( ?0(u))

 ?0(u)
(the “slope” transform).

For a fixed intrinsic time value v and a boundary value x, Theorem 1 gives the probability that Sn crosses
a linear boundary with slope s(x/v) and intercept x at time Vn = v.

Theorem 1. Suppose (Sn), (Vn), and  (�) satisfy Assumption 1, where  is strictly convex and twice

continuously di↵erentiable with  (0) =  
0(0) = 0 and sup�  

0(�) = 1. Then for any x, v > 0,

P
⇣
9n � 1 : Sn � x+ s

⇣
x

v

⌘
(Vn � v)

⌘
 (EL0) exp

n
�v 

?
⇣
x

v

⌘o
.

While the proof is in section 11.1, we remark here that the factor EL0 will typically equal one when we
have scalar observations, while it matrix cases it equals d, the dimension of the matrix observations—this is
the penalty in going from scalar to matrix bounds. Note that when Vn = n the classical Cramèr-Cherno↵
method gives, for fixed time m and x,

P(Sm � x)  exp
n
�m 

?
⇣
x

m

⌘o
, (1)

so Theorem 1 is a uniform extension of the Cramèr-Cherno↵ inequality, losing nothing at the fixed time
n (Boucheron et al. 2013, §2.2). Though the proof of Theorem 1 follows a standard argument, the result
is quite powerful and implies that any Cramèr-Cherno↵ bound can be extended in this way. In the case
of bounded observations, Theorem 1 is stronger than and implies the famous Bennett’s and Freedman’s
inequalities; see section 3.3 and figure 1. Section 3 provides in-depth discussion of Theorem 1 and further
considers its relationship to the sequential probability ratio test (Wald 1945) and other standard results.
In the matrix case as well, Theorem 1 gives infinite-horizon uniform extensions of the well-known matrix
Hoe↵ding and Freedman’s inequalities (Tropp 2011, 2012); see section 3.3.

The connection between uniform bounds such as Theorem 1 and confidence sequences is straightforward.
Given a sequence of observations (Xn)1n=1

, suppose we wish to estimate µn := n
�1
Pn

i=1
Ei�1Xi at each time

n. Let Sn =
Pn

i=1
(Xi�Ei�1Xi). Then any uniform boundary f↵(·) satisfying P(9n � 1 : Sn � f↵(Vn))  ↵

implies a lower confidence sequence with radius f↵(Vn)/n:

P
 
8n � 1 :

1

n

nX

i=1

Xi �
f↵(Vn)

n
 µn

!
� 1� ↵.

4

and a function  (�) such that

exp {�Sn �  (�)Vn}  Ln(�), a.s. 8n � 1.
<latexit sha1_base64="xb5if4Qz196GqtyMeDP1v4r8vXc="></latexit><latexit sha1_base64="xb5if4Qz196GqtyMeDP1v4r8vXc="></latexit><latexit sha1_base64="xb5if4Qz196GqtyMeDP1v4r8vXc="></latexit><latexit sha1_base64="xb5if4Qz196GqtyMeDP1v4r8vXc="></latexit>

Suppose (Sn), (Vn), and  (�) satisfy Assumption 1,
<latexit sha1_base64="UmWReA1+zfqVlmN72EVwVeaxs2s="></latexit><latexit sha1_base64="UmWReA1+zfqVlmN72EVwVeaxs2s="></latexit><latexit sha1_base64="UmWReA1+zfqVlmN72EVwVeaxs2s="></latexit><latexit sha1_base64="UmWReA1+zfqVlmN72EVwVeaxs2s="></latexit>

where  is strictly convex and twice continuously di↵erentiable
with  (0) =  0(0) = 0 and sup�  

0(�) = 1.
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Assumption 1

Then for any x,m > 0, we have

P
⇣
9n � 1 : Sn � x+ s

⇣ x

m

⌘
(Vn �m)

⌘
 (EL0) exp

n
�m ?

⇣ x

m

⌘o
.

<latexit sha1_base64="97SheS4gA0ncK11HSZUqmQk1jFQ="></latexit><latexit sha1_base64="97SheS4gA0ncK11HSZUqmQk1jFQ="></latexit><latexit sha1_base64="97SheS4gA0ncK11HSZUqmQk1jFQ="></latexit><latexit sha1_base64="97SheS4gA0ncK11HSZUqmQk1jFQ="></latexit>



(Bennett ’62)

Figure 1: Comparison of (1) fixed-sample Cramèr-Cherno↵ bound, which bounds the deviations of Sm at a fixed
time m; (2) “Freedman-style” constant uniform bound, which bounds the deviations of Sn for all n  m (or, more
generally, all n such that Vn  m), with a constant boundary equal in value to the fixed-sample Cramèr-Cherno↵
bound; and (3) linear uniform Cherno↵ bound from Theorem 1, which bounds the deviations of Sn for all 1  n < 1,
with a boundary growing linearly in n (or, more generally, in Vn). Each bound implies the preceding one.

3.3 Strengthening (matrix) Hoe↵ding’s, Bennett’s and Freedman’s inequalities

Below, we explain our earlier claim that Theorem 1 generalizes Hoe↵ding’s, Bennett’s and Freedman’s
inequalities for scalars and matrices, and it will be understood that in this subsection, we use

h(u) = (1 + u) log(1 + u)� u, and

s(u) =
1

b

✓
bu

log(1 + bu)
� 1

◆
,

Suppose |Xn|  b and En�1Xn = 0 for all n, so that Sn is a martingale, and let Vn =
Pn

i=1
Vari�1 Xi. When

Vn is deterministic, Bennett’s (1962) inequality yields, for any fixed time m,

P(Sm � x)  exp

⇢
�
Vm

b2
h

✓
bx

Vm

◆�
.

Freedman’s (1975) inequality extends this to a maximal inequality applicable when Vn is possibly random:
under the same conditions,

P (9n � 1 : Sn � x and Vn  m)  exp

⇢
�
m

b2
h

✓
bx

m

◆�
.

This may be viewed a uniform bound with a constant boundary and a finite time horizon. Both Bennett’s and
Freedman’s inequalities are based on an argument which shows that Assumption 1 holds with  (�) =  

Poi

b (�)
and EL0 = 1 (see, e.g., Boucheron et al. 2013, §2.7). Theorem 1 yields

P
⇣
9n � 1 : Sn � x+ s

⇣
x

m

⌘
(Vn �m)

⌘
 exp

⇢
�
m

b2
h

✓
bx

m

◆�
, (8)

a result stronger than both Bennett’s and Freedman’s inequalities.

In general, from Assumption 1 one may derive a maximal inequality with the form of (8), either by using
Doob’s maximal inequality for submartingales (Hoe↵ding 1963, eq. 2.17) or by examining the stopping time
⌧ := inf{n � 1 : Sn � x and Vn  m} (Freedman 1975; Steiger 1970). Such inequalities are implied by
Theorem 1, which yields stronger bounds. Figure 1 illustrates the relationship between these bounds.

When (Xn) are symmetric Rd⇥d-valued random matrices, we obtain the following corollary of Theorem 1.

Corollary 2. Let Sn := �max(
Pn

i=1
(Xi � Ei�1Xi)) and Vn := �max(

Pn
i=1

Vari�1 Xi), where (Xn) is an

adapted sequence of real, symmetric d⇥ d random matrices.

9
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(Freedman ’75)
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This may be viewed a uniform bound with a constant boundary and a finite time horizon. Both Bennett’s and
Freedman’s inequalities are based on an argument which shows that Assumption 1 holds with  (�) =  
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and EL0 = 1 (see, e.g., Boucheron et al. 2013, §2.7). Theorem 1 yields
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a result stronger than both Bennett’s and Freedman’s inequalities.

In general, from Assumption 1 one may derive a maximal inequality with the form of (8), either by using
Doob’s maximal inequality for submartingales (Hoe↵ding 1963, eq. 2.17) or by examining the stopping time
⌧ := inf{n � 1 : Sn � x and Vn  m} (Freedman 1975; Steiger 1970). Such inequalities are implied by
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When (Xn) are symmetric Rd⇥d-valued random matrices, we obtain the following corollary of Theorem 1.

Corollary 2. Let Sn := �max(
Pn

i=1
(Xi � Ei�1Xi)) and Vn := �max(

Pn
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Vari�1 Xi), where (Xn) is an

adapted sequence of real, symmetric d⇥ d random matrices.
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bound; and (3) linear uniform Cherno↵ bound from Theorem 1, which bounds the deviations of Sn for all 1  n < 1,
with a boundary growing linearly in n (or, more generally, in Vn). Each bound implies the preceding one.

3.3 Strengthening (matrix) Hoe↵ding’s, Bennett’s and Freedman’s inequalities

Below, we explain our earlier claim that Theorem 1 generalizes Hoe↵ding’s, Bennett’s and Freedman’s
inequalities for scalars and matrices, and it will be understood that in this subsection, we use

h(u) = (1 + u) log(1 + u)� u, and

s(u) =
1

b

✓
bu

log(1 + bu)
� 1

◆
,

Suppose |Xn|  b and En�1Xn = 0 for all n, so that Sn is a martingale, and let Vn =
Pn

i=1
Vari�1 Xi. When

Vn is deterministic, Bennett’s (1962) inequality yields, for any fixed time m,

P(Sm � x)  exp

⇢
�
Vm

b2
h

✓
bx

Vm

◆�
.

Freedman’s (1975) inequality extends this to a maximal inequality applicable when Vn is possibly random:
under the same conditions,

P (9n � 1 : Sn � x and Vn  m)  exp

⇢
�
m

b2
h

✓
bx

m

◆�
.

This may be viewed a uniform bound with a constant boundary and a finite time horizon. Both Bennett’s and
Freedman’s inequalities are based on an argument which shows that Assumption 1 holds with  (�) =  

Poi

b (�)
and EL0 = 1 (see, e.g., Boucheron et al. 2013, §2.7). Theorem 1 yields

P
⇣
9n � 1 : Sn � x+ s

⇣
x

m

⌘
(Vn �m)

⌘
 exp

⇢
�
m

b2
h

✓
bx

m

◆�
, (8)

a result stronger than both Bennett’s and Freedman’s inequalities.

In general, from Assumption 1 one may derive a maximal inequality with the form of (8), either by using
Doob’s maximal inequality for submartingales (Hoe↵ding 1963, eq. 2.17) or by examining the stopping time
⌧ := inf{n � 1 : Sn � x and Vn  m} (Freedman 1975; Steiger 1970). Such inequalities are implied by
Theorem 1, which yields stronger bounds. Figure 1 illustrates the relationship between these bounds. We
summarize in the follow corollary of Theorem 1.

9
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bound; and (3) linear uniform Cherno↵ bound from Theorem 1, which bounds the deviations of Sn for all 1  n < 1,
with a boundary growing linearly in n (or, more generally, in Vn). Each bound implies the preceding one.

3.3 Strengthening (matrix) Hoe↵ding’s, Bennett’s and Freedman’s inequalities

Below, we explain our earlier claim that Theorem 1 generalizes Hoe↵ding’s, Bennett’s and Freedman’s
inequalities for scalars and matrices, and it will be understood that in this subsection, we use

h(u) = (1 + u) log(1 + u)� u, and

s(u) =
1

b

✓
bu

log(1 + bu)
� 1

◆
,

Suppose |Xn|  b and En�1Xn = 0 for all n, so that Sn is a martingale, and let Vn =
Pn

i=1
Vari�1 Xi. When

Vn is deterministic, Bennett’s (1962) inequality yields, for any fixed time m,

P(Sm � x)  exp

⇢
�
Vm

b2
h

✓
bx

Vm

◆�
.

Freedman’s (1975) inequality extends this to a maximal inequality applicable when Vn is possibly random:
under the same conditions,

P (9n � 1 : Sn � x and Vn  m)  exp

⇢
�
m

b2
h

✓
bx

m

◆�
.

This may be viewed a uniform bound with a constant boundary and a finite time horizon. Both Bennett’s and
Freedman’s inequalities are based on an argument which shows that Assumption 1 holds with  (�) =  

Poi

b (�)
and EL0 = 1 (see, e.g., Boucheron et al. 2013, §2.7). Theorem 1 yields

P
⇣
9n � 1 : Sn � x+ s

⇣
x

m

⌘
(Vn �m)

⌘
 exp

⇢
�
m

b2
h

✓
bx

m

◆�
, (8)

a result stronger than both Bennett’s and Freedman’s inequalities.

In general, from Assumption 1 one may derive a maximal inequality with the form of (8), either by using
Doob’s maximal inequality for submartingales (Hoe↵ding 1963, eq. 2.17) or by examining the stopping time
⌧ := inf{n � 1 : Sn � x and Vn  m} (Freedman 1975; Steiger 1970). Such inequalities are implied by
Theorem 1, which yields stronger bounds. Figure 1 illustrates the relationship between these bounds. We
summarize in the follow corollary of Theorem 1.

9

Then for any x,m > 0, we have

P
⇣
9n � 1 : Sn � x+ s

⇣ x

m

⌘
(Vn �m)

⌘
 (EL0) exp

n
�m ?

⇣ x

m

⌘o
.
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Condition  (�) �
2

n

Scalar case: Xn 2 R, Sn =
Pn

i=1
Xi and Vn =

Pn
i=1

�
2

n.

Parametric/SPRT Xn
iid
⇠ F logEX⇠F e

�X 1

Hoe↵ding En�1e
�Xn  e

�2�2
n/2  

Ber

0
�
2

n from condition

Bennett En�1Xn = 0, Xn  b  
Poi

b   
Ber

b/3 En�1X
2

n

Bernstein En�1|Xn|
k


k!
2
b
k�2En�1X

2

n, k � 3  
Ber

b En�1X
2

n

de la Peña Xn conditionally symmetric  
Ber

0
X

2

n

Bercu-Touati En�1Xn = 0,En�1X
2

n < 1  
Ber

0
X

2

n + En�1X
2

n

Nonpositive Xn  0 a.s.  
Ber

0
En�1X

2

n

Matrix case: Xn 2 Rd⇥d
symmetric, Sn = �max (

Pn
i=1

Xi) and Vn = �max

�Pn
i=1

�
2

n

�
.

Matrix Hoe↵ding En�1e
�Xn � e

�2�2
n/2  

Ber

0
�
2

n from condition

Matrix Bennett �max(Xn)  b  
Poi

b   
Ber

b/3 En�1X
2

n

Matrix de la Peña Xn ⇠ �Xn | Fn�1  
Ber

0
X

2

n

Table 1: Summary of su�cient conditions for Assumption 1 to hold, with corresponding values of  (�) and �2
n. See

text for details of each case.

de la Peña Whenever Xn has a symmetric distribution conditional on Fn�1, Assumption 1 holds with
Vn =

Pn
i=1

X
2

i and  =  
Ber

0
(de la Peña et al. 2004, Lemma 1.4). Here, one achieves control without

moment or boundedness assumptions by defining Vn in terms of observed rather than expected squared
deviations. A short proof is included in appendix A.1.

Bercu-Touati Whenever En�1Xn = 0 and En�1X
2

n < 1, it is known that Assumption 1 holds with
Vn =

Pn
i=1

[X2

i +Ei�1X
2

i ] and  =  
Ber

0
(Bercu and Touati 2008, Lemma 2.1). We drop the symmetry

assumption of de la Peña’s bound in exchange for enlarging Vn by including the conditional variance.
A short proof is included in appendix A.1.

Nonpositive Here we drop the assumption that the summands have mean zero: we assume only Xn  0 a.s.
and En�1X

2

n < 1 for all n. Then Assumption 1 holds for Sn =
Pn

i=1
(Xn�EXn), Vn =

Pn
i=1

En�1X
2

n

and  =  
Ber

0
(de la Peña et al. 2009, Theorem 2.19). A short proof is included in appendix A.1.

3.1.2 Matrix cases

Let �max(X) denote the maximum eigenvalue of a symmetric matrix X. When we observe a sequence of d⇥d,
symmetric, zero-mean matrices (Xn), we set Sn = �max(

Pn
i=1

Xi) and Vn = �max(
Pn

i=1
�
2

n), where (�2

n) is
a sequence of possibly random, a.s. positive semidefinite d ⇥ d matrices to be defined for each case below.
Now the process exp(�Sn �  (�)Vn) is not necessarily a supermartingale itself, but it is upper bounded by
the process tr exp(�

Pn
i=1

Xn �  (�)
Pn

i=1
�
2

n), which can be shown to be a supermartingale (Tropp 2011,
Lemmas 2.1, 2.2) in each of the cases below; we reproduce the details in appendix A.6 for completeness. In
the matrix setting, the supermartingale initial value of Assumption 1 is equal to the dimension: L0

a.s.
= d.

Hoe↵ding/Sub-Gaussian Here we directly assume that En�1e
�Xn � e

�2�2
n/2 for some predictable matrix

sequence (�2

n). Then Assumption 1 holds with  =  
Ber

0
, as detailed in appendix A.6.

Bennett/Tropp Whenever �max(Xn)  b for all n, we obtain a matrix generalization of the scalar Bennett
case, since Assumption 1 holds with  =  

Poi

b and �2

n = En�1X
2

n (Tropp 2012, Lemma 6.7).

de la Peña Similar to the Bennett/Tropp case, de la Peña’s inequality for symmetric random variables may
be extended to the matrix case via a parallel argument that uses the semidefinite ordering:
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<latexit sha1_base64="3FVsuaxRpF66syPA9Qu3SoXUx6k=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZ21t294Rw5EfYWChi6++x89+4Sa7QxAcDj/dmmJkXKcGN9f1vr7CxubW9U9wt7e0fHB6Vj09aJkk1wyZLRKI7ETUouMSm5VZgR2mkcSSwHU1u5377CbXhiXy0U4VhTEeSDzmj1knth1SpxGC/XPGr/gJknQQ5qUCORr/81RskLI1RWiaoMd3AVzbMqLacCZyVeqlBRdmEjrDrqKQxmjBbnDsjF04ZkGGiXUlLFurviYzGxkzjyHXG1I7NqjcX//O6qR1ehxmXKrUo2XLRMBXEJmT+OxlwjcyKqSOUae5uJWxMNWXWJVRyIQSrL6+TVq0a+NXgvlap3+RxFOEMzuESAriCOtxBA5rAYALP8ApvnvJevHfvY9la8PKZU/gD7/MHiFKPrQ==</latexit><latexit sha1_base64="3FVsuaxRpF66syPA9Qu3SoXUx6k=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZ21t294Rw5EfYWChi6++x89+4Sa7QxAcDj/dmmJkXKcGN9f1vr7CxubW9U9wt7e0fHB6Vj09aJkk1wyZLRKI7ETUouMSm5VZgR2mkcSSwHU1u5377CbXhiXy0U4VhTEeSDzmj1knth1SpxGC/XPGr/gJknQQ5qUCORr/81RskLI1RWiaoMd3AVzbMqLacCZyVeqlBRdmEjrDrqKQxmjBbnDsjF04ZkGGiXUlLFurviYzGxkzjyHXG1I7NqjcX//O6qR1ehxmXKrUo2XLRMBXEJmT+OxlwjcyKqSOUae5uJWxMNWXWJVRyIQSrL6+TVq0a+NXgvlap3+RxFOEMzuESAriCOtxBA5rAYALP8ApvnvJevHfvY9la8PKZU/gD7/MHiFKPrQ==</latexit><latexit sha1_base64="3FVsuaxRpF66syPA9Qu3SoXUx6k=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZ21t294Rw5EfYWChi6++x89+4Sa7QxAcDj/dmmJkXKcGN9f1vr7CxubW9U9wt7e0fHB6Vj09aJkk1wyZLRKI7ETUouMSm5VZgR2mkcSSwHU1u5377CbXhiXy0U4VhTEeSDzmj1knth1SpxGC/XPGr/gJknQQ5qUCORr/81RskLI1RWiaoMd3AVzbMqLacCZyVeqlBRdmEjrDrqKQxmjBbnDsjF04ZkGGiXUlLFurviYzGxkzjyHXG1I7NqjcX//O6qR1ehxmXKrUo2XLRMBXEJmT+OxlwjcyKqSOUae5uJWxMNWXWJVRyIQSrL6+TVq0a+NXgvlap3+RxFOEMzuESAriCOtxBA5rAYALP8ApvnvJevHfvY9la8PKZU/gD7/MHiFKPrQ==</latexit><latexit sha1_base64="3FVsuaxRpF66syPA9Qu3SoXUx6k=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBm0sYxoPiA5wt5mkizZ21t294Rw5EfYWChi6++x89+4Sa7QxAcDj/dmmJkXKcGN9f1vr7CxubW9U9wt7e0fHB6Vj09aJkk1wyZLRKI7ETUouMSm5VZgR2mkcSSwHU1u5377CbXhiXy0U4VhTEeSDzmj1knth1SpxGC/XPGr/gJknQQ5qUCORr/81RskLI1RWiaoMd3AVzbMqLacCZyVeqlBRdmEjrDrqKQxmjBbnDsjF04ZkGGiXUlLFurviYzGxkzjyHXG1I7NqjcX//O6qR1ehxmXKrUo2XLRMBXEJmT+OxlwjcyKqSOUae5uJWxMNWXWJVRyIQSrL6+TVq0a+NXgvlap3+RxFOEMzuESAriCOtxBA5rAYALP8ApvnvJevHfvY9la8PKZU/gD7/MHiFKPrQ==</latexit>

strengthens Tropp’s matrix-Freedman/Bernstein

Figure 1: Comparison of (1) fixed-sample Cramèr-Cherno↵ bound, which bounds the deviations of Sm at a fixed
time m; (2) “Freedman-style” constant uniform bound, which bounds the deviations of Sn for all n  m (or, more
generally, all n such that Vn  m), with a constant boundary equal in value to the fixed-sample Cramèr-Cherno↵
bound; and (3) linear uniform Cherno↵ bound from Theorem 1, which bounds the deviations of Sn for all 1  n < 1,
with a boundary growing linearly in n (or, more generally, in Vn). Each bound implies the preceding one.
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This may be viewed a uniform bound with a constant boundary and a finite time horizon. Both Bennett’s and
Freedman’s inequalities are based on an argument which shows that Assumption 1 holds with  (�) =  

Poi

b (�)
and EL0 = 1 (see, e.g., Boucheron et al. 2013, §2.7). Theorem 1 yields
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⇣
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, (8)

a result stronger than both Bennett’s and Freedman’s inequalities.

In general, from Assumption 1 one may derive a maximal inequality with the form of (8), either by using
Doob’s maximal inequality for submartingales (Hoe↵ding 1963, eq. 2.17) or by examining the stopping time
⌧ := inf{n � 1 : Sn � x and Vn  m} (Freedman 1975; Steiger 1970). Such inequalities are implied by
Theorem 1, which yields stronger bounds. Figure 1 illustrates the relationship between these bounds.

When (Xn) are symmetric Rd⇥d-valued random matrices, we obtain the following corollary of Theorem 1.

Corollary 2. Let Sn := �max(
Pn

i=1
(Xi � Ei�1Xi)) and Vn := �max(

Pn
i=1

Vari�1 Xi), where (Xn) is an

adapted sequence of real, symmetric d⇥ d random matrices.
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Eg: (bounded max-eigenvalue)
, recall
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When (Xn) are symmetric Rd⇥d-valued random matrices instead of scalars, we obtain the following analogous
results.
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The two parts of Corollary 3 correspond respectively to strengthenings of the well-known matrix Hoe↵ding
and Freedman’s inequalities found in Tropp (2011, 2012).

4 Geometric interpretation of Theorem 1

Consider the deterministic time case, Vn = n. Whenever Assumption 1 is satisfied for some  , a fixed-sample
Cramèr-Cherno↵ upper bound of the form (1) holds. Let f↵ denote the curve of such fixed-sample bounds
constructed for a fixed ↵ at each time n:

f↵(n) := n 
?�1

✓
log↵�1

n

◆
, (9)

where  ?�1(�) = inf{u � 0 :  ?(u) > �}. For example, in the sub-Gaussian case  =  
Ber

0
we have the

standard formula f↵(n) =
p
2n log↵�1.

Proposition 2. Any line a+ bn which is tangent to f↵(n) is a level-↵ uniform bound for Sn:

P(9n � 1 : Sn � a+ bn)  ↵.

In words, the above proposition states that the set of linear boundaries from Theorem 1 is exactly the set of
tangent lines to f↵, or conversely, f↵ is defined by the pointwise infimum of this set of linear boundaries, as
illustrated in Figure 2.

To see this formally, the reader may fill in the details using the following proof sketch. First, Lemma 1 proves
that Assumption 1 implies a family of linear uniform bounds, one for each � > 0:
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Condition  (�) �
2

n

Scalar case: Xn 2 R, Sn =
Pn

i=1
Xi and Vn =

Pn
i=1

�
2

n.

Parametric/SPRT Xn
iid
⇠ F logEX⇠F e

�X 1

Hoe↵ding En�1e
�Xn  e

�2�2
n/2  

Ber

0
�
2

n from condition

Bennett En�1Xn = 0, Xn  b  
Poi

b   
Ber

b/3 En�1X
2

n

Bernstein En�1|Xn|
k


k!
2
b
k�2En�1X

2

n, k � 3  
Ber

b En�1X
2

n

de la Peña Xn conditionally symmetric  
Ber

0
X

2

n

Bercu-Touati En�1Xn = 0,En�1X
2

n < 1  
Ber

0
X

2

n + En�1X
2

n

Nonpositive Xn  0 a.s.  
Ber

0
En�1X

2

n

Matrix case: Xn 2 Rd⇥d
symmetric, Sn = �max (

Pn
i=1

Xi) and Vn = �max

�Pn
i=1

�
2

n

�
.

Matrix Hoe↵ding En�1e
�Xn � e

�2�2
n/2  

Ber

0
�
2

n from condition

Matrix Bennett �max(Xn)  b  
Poi

b   
Ber

b/3 En�1X
2

n

Matrix de la Peña Xn ⇠ �Xn | Fn�1  
Ber

0
X

2

n

Table 1: Summary of su�cient conditions for Assumption 1 to hold, with corresponding values of  (�) and �2
n. See

text for details of each case.

de la Peña Whenever Xn has a symmetric distribution conditional on Fn�1, Assumption 1 holds with
Vn =

Pn
i=1

X
2

i and  =  
Ber

0
(de la Peña et al. 2004, Lemma 1.4). Here, one achieves control without

moment or boundedness assumptions by defining Vn in terms of observed rather than expected squared
deviations. A short proof is included in appendix A.1.

Bercu-Touati Whenever En�1Xn = 0 and En�1X
2

n < 1, it is known that Assumption 1 holds with
Vn =

Pn
i=1

[X2

i +Ei�1X
2

i ] and  =  
Ber

0
(Bercu and Touati 2008, Lemma 2.1). We drop the symmetry

assumption of de la Peña’s bound in exchange for enlarging Vn by including the conditional variance.
A short proof is included in appendix A.1.

Nonpositive Here we drop the assumption that the summands have mean zero: we assume only Xn  0 a.s.
and En�1X

2

n < 1 for all n. Then Assumption 1 holds for Sn =
Pn

i=1
(Xn�EXn), Vn =

Pn
i=1

En�1X
2

n

and  =  
Ber

0
(de la Peña et al. 2009, Theorem 2.19). A short proof is included in appendix A.1.

3.1.2 Matrix cases

Let �max(X) denote the maximum eigenvalue of a symmetric matrix X. When we observe a sequence of d⇥d,
symmetric, zero-mean matrices (Xn), we set Sn = �max(

Pn
i=1

Xi) and Vn = �max(
Pn

i=1
�
2

n), where (�2

n) is
a sequence of possibly random, a.s. positive semidefinite d ⇥ d matrices to be defined for each case below.
Now the process exp(�Sn �  (�)Vn) is not necessarily a supermartingale itself, but it is upper bounded by
the process tr exp(�

Pn
i=1

Xn �  (�)
Pn

i=1
�
2

n), which can be shown to be a supermartingale (Tropp 2011,
Lemmas 2.1, 2.2) in each of the cases below; we reproduce the details in appendix A.6 for completeness. In
the matrix setting, the supermartingale initial value of Assumption 1 is equal to the dimension: L0

a.s.
= d.

Hoe↵ding/Sub-Gaussian Here we directly assume that En�1e
�Xn � e

�2�2
n/2 for some predictable matrix

sequence (�2

n). Then Assumption 1 holds with  =  
Ber

0
, as detailed in appendix A.6.

Bennett/Tropp Whenever �max(Xn)  b for all n, we obtain a matrix generalization of the scalar Bennett
case, since Assumption 1 holds with  =  

Poi

b and �2

n = En�1X
2

n (Tropp 2012, Lemma 6.7).

de la Peña Similar to the Bennett/Tropp case, de la Peña’s inequality for symmetric random variables may
be extended to the matrix case via a parallel argument that uses the semidefinite ordering:

7

strengthens matrix-Hoeffding in Tropp (2012), 
Wainwright (2018), Ahlswede-Winter (2002), etc.

Suppose
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<latexit sha1_base64="2bXA2Xn1WAbHprU0S6B5mGjIUBU=">AAACA3icbVC7TsMwFHXKq4RXgA0WixaJqUq6wFiVhbEI+pCaKHIcp7Xq2JHtIFVVJRZ+hYUBhFj5CTb+BrfNAC1HsnR0zr3X954oY1Rp1/22SmvrG5tb5W17Z3dv/8A5POookUtM2lgwIXsRUoRRTtqaakZ6mSQojRjpRqPrmd99IFJRwe/1OCNBigacJhQjbaTQOfG5oDwmXMOmyHns+7bgsHoX8mroVNyaOwdcJV5BKqBAK3S+/FjgPDXDMENK9T0308EESU0xI1PbzxXJEB6hAekbylFKVDCZ3zCF50aJYSKkeWaZufq7Y4JSpcZpZCpTpIdq2ZuJ/3n9XCdXwYTyLNeE48VHSc6gFnAWCIypJFizsSEIS2p2hXiIJMLaxGabELzlk1dJp17z3Jp3W680mkUcZXAKzsAF8MAlaIAb0AJtgMEjeAav4M16sl6sd+tjUVqyip5j8AfW5w9a0Jan</latexit><latexit sha1_base64="2bXA2Xn1WAbHprU0S6B5mGjIUBU=">AAACA3icbVC7TsMwFHXKq4RXgA0WixaJqUq6wFiVhbEI+pCaKHIcp7Xq2JHtIFVVJRZ+hYUBhFj5CTb+BrfNAC1HsnR0zr3X954oY1Rp1/22SmvrG5tb5W17Z3dv/8A5POookUtM2lgwIXsRUoRRTtqaakZ6mSQojRjpRqPrmd99IFJRwe/1OCNBigacJhQjbaTQOfG5oDwmXMOmyHns+7bgsHoX8mroVNyaOwdcJV5BKqBAK3S+/FjgPDXDMENK9T0308EESU0xI1PbzxXJEB6hAekbylFKVDCZ3zCF50aJYSKkeWaZufq7Y4JSpcZpZCpTpIdq2ZuJ/3n9XCdXwYTyLNeE48VHSc6gFnAWCIypJFizsSEIS2p2hXiIJMLaxGabELzlk1dJp17z3Jp3W680mkUcZXAKzsAF8MAlaIAb0AJtgMEjeAav4M16sl6sd+tjUVqyip5j8AfW5w9a0Jan</latexit><latexit sha1_base64="2bXA2Xn1WAbHprU0S6B5mGjIUBU=">AAACA3icbVC7TsMwFHXKq4RXgA0WixaJqUq6wFiVhbEI+pCaKHIcp7Xq2JHtIFVVJRZ+hYUBhFj5CTb+BrfNAC1HsnR0zr3X954oY1Rp1/22SmvrG5tb5W17Z3dv/8A5POookUtM2lgwIXsRUoRRTtqaakZ6mSQojRjpRqPrmd99IFJRwe/1OCNBigacJhQjbaTQOfG5oDwmXMOmyHns+7bgsHoX8mroVNyaOwdcJV5BKqBAK3S+/FjgPDXDMENK9T0308EESU0xI1PbzxXJEB6hAekbylFKVDCZ3zCF50aJYSKkeWaZufq7Y4JSpcZpZCpTpIdq2ZuJ/3n9XCdXwYTyLNeE48VHSc6gFnAWCIypJFizsSEIS2p2hXiIJMLaxGabELzlk1dJp17z3Jp3W680mkUcZXAKzsAF8MAlaIAb0AJtgMEjeAav4M16sl6sd+tjUVqyip5j8AfW5w9a0Jan</latexit><latexit sha1_base64="2bXA2Xn1WAbHprU0S6B5mGjIUBU=">AAACA3icbVC7TsMwFHXKq4RXgA0WixaJqUq6wFiVhbEI+pCaKHIcp7Xq2JHtIFVVJRZ+hYUBhFj5CTb+BrfNAC1HsnR0zr3X954oY1Rp1/22SmvrG5tb5W17Z3dv/8A5POookUtM2lgwIXsRUoRRTtqaakZ6mSQojRjpRqPrmd99IFJRwe/1OCNBigacJhQjbaTQOfG5oDwmXMOmyHns+7bgsHoX8mroVNyaOwdcJV5BKqBAK3S+/FjgPDXDMENK9T0308EESU0xI1PbzxXJEB6hAekbylFKVDCZ3zCF50aJYSKkeWaZufq7Y4JSpcZpZCpTpIdq2ZuJ/3n9XCdXwYTyLNeE48VHSc6gFnAWCIypJFizsSEIS2p2hXiIJMLaxGabELzlk1dJp17z3Jp3W680mkUcZXAKzsAF8MAlaIAb0AJtgMEjeAav4M16sl6sd+tjUVqyip5j8AfW5w9a0Jan</latexit>

x
<latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit>

Slope s(x/m)
<latexit sha1_base64="jxEEMtLcfxtPLNaDRies583wO2o=">AAACAnicbVC7SgNBFJ2Nrxhfq1ZiM5gIsYm7abQM2lhGNA9IljA7mU2GzGOZmRXDEmz8FRsLRWz9Cjv/xkmyhUYPXDiccy/33hPGjGrjeV9Obml5ZXUtv17Y2Nza3nF395paJgqTBpZMqnaINGFUkIahhpF2rAjiISOtcHQ59Vt3RGkqxa0ZxyTgaCBoRDEyVuq5BzdMxgSWuhyZYaTQKNWT8v0pPyn13KJX8WaAf4mfkSLIUO+5n92+xAknwmCGtO74XmyCFClDMSOTQjfRJEZ4hAakY6lAnOggnb0wgcdW6cNIKlvCwJn6cyJFXOsxD23n9FK96E3F/7xOYqLzIKUiTgwReL4oShg0Ek7zgH2qCDZsbAnCitpbIR4ihbCxqRVsCP7iy39Js1rxvYp/XS3WLrI48uAQHIEy8MEZqIErUAcNgMEDeAIv4NV5dJ6dN+d93ppzspl98AvOxzcK6ZaI</latexit><latexit sha1_base64="jxEEMtLcfxtPLNaDRies583wO2o=">AAACAnicbVC7SgNBFJ2Nrxhfq1ZiM5gIsYm7abQM2lhGNA9IljA7mU2GzGOZmRXDEmz8FRsLRWz9Cjv/xkmyhUYPXDiccy/33hPGjGrjeV9Obml5ZXUtv17Y2Nza3nF395paJgqTBpZMqnaINGFUkIahhpF2rAjiISOtcHQ59Vt3RGkqxa0ZxyTgaCBoRDEyVuq5BzdMxgSWuhyZYaTQKNWT8v0pPyn13KJX8WaAf4mfkSLIUO+5n92+xAknwmCGtO74XmyCFClDMSOTQjfRJEZ4hAakY6lAnOggnb0wgcdW6cNIKlvCwJn6cyJFXOsxD23n9FK96E3F/7xOYqLzIKUiTgwReL4oShg0Ek7zgH2qCDZsbAnCitpbIR4ihbCxqRVsCP7iy39Js1rxvYp/XS3WLrI48uAQHIEy8MEZqIErUAcNgMEDeAIv4NV5dJ6dN+d93ppzspl98AvOxzcK6ZaI</latexit><latexit sha1_base64="jxEEMtLcfxtPLNaDRies583wO2o=">AAACAnicbVC7SgNBFJ2Nrxhfq1ZiM5gIsYm7abQM2lhGNA9IljA7mU2GzGOZmRXDEmz8FRsLRWz9Cjv/xkmyhUYPXDiccy/33hPGjGrjeV9Obml5ZXUtv17Y2Nza3nF395paJgqTBpZMqnaINGFUkIahhpF2rAjiISOtcHQ59Vt3RGkqxa0ZxyTgaCBoRDEyVuq5BzdMxgSWuhyZYaTQKNWT8v0pPyn13KJX8WaAf4mfkSLIUO+5n92+xAknwmCGtO74XmyCFClDMSOTQjfRJEZ4hAakY6lAnOggnb0wgcdW6cNIKlvCwJn6cyJFXOsxD23n9FK96E3F/7xOYqLzIKUiTgwReL4oShg0Ek7zgH2qCDZsbAnCitpbIR4ihbCxqRVsCP7iy39Js1rxvYp/XS3WLrI48uAQHIEy8MEZqIErUAcNgMEDeAIv4NV5dJ6dN+d93ppzspl98AvOxzcK6ZaI</latexit><latexit sha1_base64="jxEEMtLcfxtPLNaDRies583wO2o=">AAACAnicbVC7SgNBFJ2Nrxhfq1ZiM5gIsYm7abQM2lhGNA9IljA7mU2GzGOZmRXDEmz8FRsLRWz9Cjv/xkmyhUYPXDiccy/33hPGjGrjeV9Obml5ZXUtv17Y2Nza3nF395paJgqTBpZMqnaINGFUkIahhpF2rAjiISOtcHQ59Vt3RGkqxa0ZxyTgaCBoRDEyVuq5BzdMxgSWuhyZYaTQKNWT8v0pPyn13KJX8WaAf4mfkSLIUO+5n92+xAknwmCGtO74XmyCFClDMSOTQjfRJEZ4hAakY6lAnOggnb0wgcdW6cNIKlvCwJn6cyJFXOsxD23n9FK96E3F/7xOYqLzIKUiTgwReL4oShg0Ek7zgH2qCDZsbAnCitpbIR4ihbCxqRVsCP7iy39Js1rxvYp/XS3WLrI48uAQHIEy8MEZqIErUAcNgMEDeAIv4NV5dJ6dN+d93ppzspl98AvOxzcK6ZaI</latexit>

m
<latexit sha1_base64="YiqkinazTVA+V1UP2d6KfJ9Gxkc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hGjPBLYkNlhFibMYzMza0I2fIIXDxrj1S/y5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflopwkNBR5JFjOCrZMeqqI6KFf8mr8AWidBTiqQozkof/WHiqSCSks4NqYX+IkNM6wtI5zOSv3U0ASTCR7RnqMSC2rCbHHqDF04ZYhipV1Jixbq74kMC2OmInKdAtuxWfXm4n9eL7XxdZgxmaSWSrJcFKccWYXmf6Mh05RYPnUEE83crYiMscbEunRKLoRg9eV10q7XAr8W3NcrjZs8jiKcwTlcQgBX0IA7aEILCIzgGV7hzePei/fufSxbC14+cwp/4H3+AIybjUs=</latexit><latexit sha1_base64="YiqkinazTVA+V1UP2d6KfJ9Gxkc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hGjPBLYkNlhFibMYzMza0I2fIIXDxrj1S/y5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflopwkNBR5JFjOCrZMeqqI6KFf8mr8AWidBTiqQozkof/WHiqSCSks4NqYX+IkNM6wtI5zOSv3U0ASTCR7RnqMSC2rCbHHqDF04ZYhipV1Jixbq74kMC2OmInKdAtuxWfXm4n9eL7XxdZgxmaSWSrJcFKccWYXmf6Mh05RYPnUEE83crYiMscbEunRKLoRg9eV10q7XAr8W3NcrjZs8jiKcwTlcQgBX0IA7aEILCIzgGV7hzePei/fufSxbC14+cwp/4H3+AIybjUs=</latexit><latexit sha1_base64="YiqkinazTVA+V1UP2d6KfJ9Gxkc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hGjPBLYkNlhFibMYzMza0I2fIIXDxrj1S/y5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflopwkNBR5JFjOCrZMeqqI6KFf8mr8AWidBTiqQozkof/WHiqSCSks4NqYX+IkNM6wtI5zOSv3U0ASTCR7RnqMSC2rCbHHqDF04ZYhipV1Jixbq74kMC2OmInKdAtuxWfXm4n9eL7XxdZgxmaSWSrJcFKccWYXmf6Mh05RYPnUEE83crYiMscbEunRKLoRg9eV10q7XAr8W3NcrjZs8jiKcwTlcQgBX0IA7aEILCIzgGV7hzePei/fufSxbC14+cwp/4H3+AIybjUs=</latexit><latexit sha1_base64="YiqkinazTVA+V1UP2d6KfJ9Gxkc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hGjPBLYkNlhFibMYzMza0I2fIIXDxrj1S/y5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflopwkNBR5JFjOCrZMeqqI6KFf8mr8AWidBTiqQozkof/WHiqSCSks4NqYX+IkNM6wtI5zOSv3U0ASTCR7RnqMSC2rCbHHqDF04ZYhipV1Jixbq74kMC2OmInKdAtuxWfXm4n9eL7XxdZgxmaSWSrJcFKccWYXmf6Mh05RYPnUEE83crYiMscbEunRKLoRg9eV10q7XAr8W3NcrjZs8jiKcwTlcQgBX0IA7aEILCIzgGV7hzePei/fufSxbC14+cwp/4H3+AIybjUs=</latexit>

Theorem 1

Suppose Vn = n, and v = m.
<latexit sha1_base64="r7zv/1/xGlfLI4hMk9c3k2TfaBE=">AAACBnicbVDLSsNAFJ3UV62vqEsRBhvBhYSkG90Uim5cVrQPaEOYTCbt0MkkzEwKJXTlxl9x40IRt36DO//GaZuFVg9cOJxzL/feE6SMSuU4X0ZpZXVtfaO8Wdna3tndM/cP2jLJBCYtnLBEdAMkCaOctBRVjHRTQVAcMNIJRtczvzMmQtKE36tJSrwYDTiNKEZKS755fJelaSIJtNo+h3XIrXOIeAitcT22bN+sOrYzB/xL3IJUQYGmb372wwRnMeEKMyRlz3VS5eVIKIoZmVb6mSQpwiM0ID1NOYqJ9PL5G1N4qpUQRonQxRWcqz8nchRLOYkD3RkjNZTL3kz8z+tlKrr0csrTTBGOF4uijEGVwFkmMKSCYMUmmiAsqL4V4iESCCudXEWH4C6//Je0a7br2O5trdq4KuIogyNwAs6ACy5AA9yAJmgBDB7AE3gBr8aj8Wy8Ge+L1pJRzByCXzA+vgFCwZZl</latexit><latexit sha1_base64="r7zv/1/xGlfLI4hMk9c3k2TfaBE=">AAACBnicbVDLSsNAFJ3UV62vqEsRBhvBhYSkG90Uim5cVrQPaEOYTCbt0MkkzEwKJXTlxl9x40IRt36DO//GaZuFVg9cOJxzL/feE6SMSuU4X0ZpZXVtfaO8Wdna3tndM/cP2jLJBCYtnLBEdAMkCaOctBRVjHRTQVAcMNIJRtczvzMmQtKE36tJSrwYDTiNKEZKS755fJelaSIJtNo+h3XIrXOIeAitcT22bN+sOrYzB/xL3IJUQYGmb372wwRnMeEKMyRlz3VS5eVIKIoZmVb6mSQpwiM0ID1NOYqJ9PL5G1N4qpUQRonQxRWcqz8nchRLOYkD3RkjNZTL3kz8z+tlKrr0csrTTBGOF4uijEGVwFkmMKSCYMUmmiAsqL4V4iESCCudXEWH4C6//Je0a7br2O5trdq4KuIogyNwAs6ACy5AA9yAJmgBDB7AE3gBr8aj8Wy8Ge+L1pJRzByCXzA+vgFCwZZl</latexit><latexit sha1_base64="r7zv/1/xGlfLI4hMk9c3k2TfaBE=">AAACBnicbVDLSsNAFJ3UV62vqEsRBhvBhYSkG90Uim5cVrQPaEOYTCbt0MkkzEwKJXTlxl9x40IRt36DO//GaZuFVg9cOJxzL/feE6SMSuU4X0ZpZXVtfaO8Wdna3tndM/cP2jLJBCYtnLBEdAMkCaOctBRVjHRTQVAcMNIJRtczvzMmQtKE36tJSrwYDTiNKEZKS755fJelaSIJtNo+h3XIrXOIeAitcT22bN+sOrYzB/xL3IJUQYGmb372wwRnMeEKMyRlz3VS5eVIKIoZmVb6mSQpwiM0ID1NOYqJ9PL5G1N4qpUQRonQxRWcqz8nchRLOYkD3RkjNZTL3kz8z+tlKrr0csrTTBGOF4uijEGVwFkmMKSCYMUmmiAsqL4V4iESCCudXEWH4C6//Je0a7br2O5trdq4KuIogyNwAs6ACy5AA9yAJmgBDB7AE3gBr8aj8Wy8Ge+L1pJRzByCXzA+vgFCwZZl</latexit><latexit sha1_base64="r7zv/1/xGlfLI4hMk9c3k2TfaBE=">AAACBnicbVDLSsNAFJ3UV62vqEsRBhvBhYSkG90Uim5cVrQPaEOYTCbt0MkkzEwKJXTlxl9x40IRt36DO//GaZuFVg9cOJxzL/feE6SMSuU4X0ZpZXVtfaO8Wdna3tndM/cP2jLJBCYtnLBEdAMkCaOctBRVjHRTQVAcMNIJRtczvzMmQtKE36tJSrwYDTiNKEZKS755fJelaSIJtNo+h3XIrXOIeAitcT22bN+sOrYzB/xL3IJUQYGmb372wwRnMeEKMyRlz3VS5eVIKIoZmVb6mSQpwiM0ID1NOYqJ9PL5G1N4qpUQRonQxRWcqz8nchRLOYkD3RkjNZTL3kz8z+tlKrr0csrTTBGOF4uijEGVwFkmMKSCYMUmmiAsqL4V4iESCCudXEWH4C6//Je0a7br2O5trdq4KuIogyNwAs6ACy5AA9yAJmgBDB7AE3gBr8aj8Wy8Ge+L1pJRzByCXzA+vgFCwZZl</latexit>

Chernoff
Freedman

x�m · s(x/m)
<latexit sha1_base64="RvjvCQCfQyhsvmMI5YdLK90LZ1U=">AAACBnicbVDLSsNAFJ3UV62vqEsRBluhLqxJN7osunFZwT6gCWUymbRDZ5IwM5GW0JUbf8WNC0Xc+g3u/BsnbRbaeuDC4Zx7ufceL2ZUKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiMGnhiEWi6yFJGA1JS1HFSDcWBHGPkY43usn8zgMRkkbhvZrExOVoENKAYqS01DePK+NzDh3sRwo6HKlhINAoldPq+IKfVfpm2apZM8BlYuekDHI0++aX40c44SRUmCEpe7YVKzdFQlHMyLTkJJLECI/QgPQ0DREn0k1nb0zhqVZ8GERCV6jgTP09kSIu5YR7ujO7VC56mfif10tUcOWmNIwTRUI8XxQkDKoIZplAnwqCFZtogrCg+laIh0ggrHRyJR2CvfjyMmnXa7ZVs+/q5cZ1HkcRHIETUAU2uAQNcAuaoAUweATP4BW8GU/Gi/FufMxbC0Y+cwj+wPj8AZKCl+U=</latexit><latexit sha1_base64="RvjvCQCfQyhsvmMI5YdLK90LZ1U=">AAACBnicbVDLSsNAFJ3UV62vqEsRBluhLqxJN7osunFZwT6gCWUymbRDZ5IwM5GW0JUbf8WNC0Xc+g3u/BsnbRbaeuDC4Zx7ufceL2ZUKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiMGnhiEWi6yFJGA1JS1HFSDcWBHGPkY43usn8zgMRkkbhvZrExOVoENKAYqS01DePK+NzDh3sRwo6HKlhINAoldPq+IKfVfpm2apZM8BlYuekDHI0++aX40c44SRUmCEpe7YVKzdFQlHMyLTkJJLECI/QgPQ0DREn0k1nb0zhqVZ8GERCV6jgTP09kSIu5YR7ujO7VC56mfif10tUcOWmNIwTRUI8XxQkDKoIZplAnwqCFZtogrCg+laIh0ggrHRyJR2CvfjyMmnXa7ZVs+/q5cZ1HkcRHIETUAU2uAQNcAuaoAUweATP4BW8GU/Gi/FufMxbC0Y+cwj+wPj8AZKCl+U=</latexit><latexit sha1_base64="RvjvCQCfQyhsvmMI5YdLK90LZ1U=">AAACBnicbVDLSsNAFJ3UV62vqEsRBluhLqxJN7osunFZwT6gCWUymbRDZ5IwM5GW0JUbf8WNC0Xc+g3u/BsnbRbaeuDC4Zx7ufceL2ZUKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiMGnhiEWi6yFJGA1JS1HFSDcWBHGPkY43usn8zgMRkkbhvZrExOVoENKAYqS01DePK+NzDh3sRwo6HKlhINAoldPq+IKfVfpm2apZM8BlYuekDHI0++aX40c44SRUmCEpe7YVKzdFQlHMyLTkJJLECI/QgPQ0DREn0k1nb0zhqVZ8GERCV6jgTP09kSIu5YR7ujO7VC56mfif10tUcOWmNIwTRUI8XxQkDKoIZplAnwqCFZtogrCg+laIh0ggrHRyJR2CvfjyMmnXa7ZVs+/q5cZ1HkcRHIETUAU2uAQNcAuaoAUweATP4BW8GU/Gi/FufMxbC0Y+cwj+wPj8AZKCl+U=</latexit><latexit sha1_base64="RvjvCQCfQyhsvmMI5YdLK90LZ1U=">AAACBnicbVDLSsNAFJ3UV62vqEsRBluhLqxJN7osunFZwT6gCWUymbRDZ5IwM5GW0JUbf8WNC0Xc+g3u/BsnbRbaeuDC4Zx7ufceL2ZUKsv6Ngorq2vrG8XN0tb2zu6euX/QllEiMGnhiEWi6yFJGA1JS1HFSDcWBHGPkY43usn8zgMRkkbhvZrExOVoENKAYqS01DePK+NzDh3sRwo6HKlhINAoldPq+IKfVfpm2apZM8BlYuekDHI0++aX40c44SRUmCEpe7YVKzdFQlHMyLTkJJLECI/QgPQ0DREn0k1nb0zhqVZ8GERCV6jgTP09kSIu5YR7ujO7VC56mfif10tUcOWmNIwTRUI8XxQkDKoIZplAnwqCFZtogrCg+laIh0ggrHRyJR2CvfjyMmnXa7ZVs+/q5cZ1HkcRHIETUAU2uAQNcAuaoAUweATP4BW8GU/Gi/FufMxbC0Y+cwj+wPj8AZKCl+U=</latexit>
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Freedman

Theorem 1

Chernoff

Figure 1: Comparison of (1) fixed-sample Cramèr-Cherno↵ bound, which bounds the deviations of Sm at a fixed
time m; (2) “Freedman-style” constant uniform bound, which bounds the deviations of Sn for all n  m (or, more
generally, all n such that Vn  m), with a constant boundary equal in value to the fixed-sample Cramèr-Cherno↵
bound; and (3) linear uniform Cherno↵ bound from Theorem 1, which bounds the deviations of Sn for all 1  n < 1,
with a boundary growing linearly in n (or, more generally, in Vn). Each bound implies the preceding one.

3.3 Strengthening (matrix) Hoe↵ding’s, Bennett’s and Freedman’s inequalities

Below, we explain our earlier claim that Theorem 1 generalizes Hoe↵ding’s, Bennett’s and Freedman’s
inequalities for scalars and matrices, and it will be understood that in this subsection, we use

h(u) = (1 + u) log(1 + u)� u, and

s(u) =
1

b

✓
bu

log(1 + bu)
� 1

◆
,

Suppose |Xn|  b and En�1Xn = 0 for all n, so that Sn is a martingale, and let Vn =
Pn

i=1
Vari�1 Xi. When

Vn is deterministic, Bennett’s (1962) inequality yields, for any fixed time m,

P(Sm � x)  exp

⇢
�
Vm

b2
h

✓
bx

Vm

◆�
.

Freedman’s (1975) inequality extends this to a maximal inequality applicable when Vn is possibly random:
under the same conditions,

P (9n � 1 : Sn � x and Vn  m)  exp

⇢
�
m

b2
h

✓
bx

m

◆�
.

This may be viewed a uniform bound with a constant boundary and a finite time horizon. Both Bennett’s and
Freedman’s inequalities are based on an argument which shows that Assumption 1 holds with  (�) =  

Poi

b (�)
and EL0 = 1 (see, e.g., Boucheron et al. 2013, §2.7). Theorem 1 yields

P
⇣
9n � 1 : Sn � x+ s

⇣
x

m

⌘
(Vn �m)

⌘
 exp

⇢
�
m

b2
h

✓
bx

m

◆�
, (8)

a result stronger than both Bennett’s and Freedman’s inequalities.

In general, from Assumption 1 one may derive a maximal inequality with the form of (8), either by using
Doob’s maximal inequality for submartingales (Hoe↵ding 1963, eq. 2.17) or by examining the stopping time
⌧ := inf{n � 1 : Sn � x and Vn  m} (Freedman 1975; Steiger 1970). Such inequalities are implied by
Theorem 1, which yields stronger bounds. Figure 1 illustrates the relationship between these bounds.

When (Xn) are symmetric Rd⇥d-valued random matrices, we obtain the following corollary of Theorem 1.

Corollary 2. Let Sn := �max(
Pn

i=1
(Xi � Ei�1Xi)) and Vn := �max(

Pn
i=1

Vari�1 Xi), where (Xn) is an

adapted sequence of real, symmetric d⇥ d random matrices.
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Exceedence probability ↵ = exp{�m ⇤(x/m)}.
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Underlying every Chernoff bound is a uniform bound.

Our uniform bound is tangent to the pointwise curve.
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<latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit><latexit sha1_base64="G49X2kJVehBS/VicdZIWw1N1guU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgFTOBC9pY92LC3d9mdM5ILP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFiRQGXffbKaytb2xuFbdLO7t7+wflw6O2iVPNeIvFMtYPATVcCsVbKFDyh0RzGgWSd4Lx9czvPHJtRKzucZJwP6JDJULBKFrprvpU7Zcrbs2dg6wSLycVyNHsl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4aWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Str1mufWvNt6pXGVx1GEEziFc/DgAhpwA01oAYMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH51SjVY=</latexit>

m
<latexit sha1_base64="YiqkinazTVA+V1UP2d6KfJ9Gxkc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hGjPBLYkNlhFibMYzMza0I2fIIXDxrj1S/y5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflopwkNBR5JFjOCrZMeqqI6KFf8mr8AWidBTiqQozkof/WHiqSCSks4NqYX+IkNM6wtI5zOSv3U0ASTCR7RnqMSC2rCbHHqDF04ZYhipV1Jixbq74kMC2OmInKdAtuxWfXm4n9eL7XxdZgxmaSWSrJcFKccWYXmf6Mh05RYPnUEE83crYiMscbEunRKLoRg9eV10q7XAr8W3NcrjZs8jiKcwTlcQgBX0IA7aEILCIzgGV7hzePei/fufSxbC14+cwp/4H3+AIybjUs=</latexit><latexit sha1_base64="YiqkinazTVA+V1UP2d6KfJ9Gxkc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hGjPBLYkNlhFibMYzMza0I2fIIXDxrj1S/y5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflopwkNBR5JFjOCrZMeqqI6KFf8mr8AWidBTiqQozkof/WHiqSCSks4NqYX+IkNM6wtI5zOSv3U0ASTCR7RnqMSC2rCbHHqDF04ZYhipV1Jixbq74kMC2OmInKdAtuxWfXm4n9eL7XxdZgxmaSWSrJcFKccWYXmf6Mh05RYPnUEE83crYiMscbEunRKLoRg9eV10q7XAr8W3NcrjZs8jiKcwTlcQgBX0IA7aEILCIzgGV7hzePei/fufSxbC14+cwp/4H3+AIybjUs=</latexit><latexit sha1_base64="YiqkinazTVA+V1UP2d6KfJ9Gxkc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hGjPBLYkNlhFibMYzMza0I2fIIXDxrj1S/y5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflopwkNBR5JFjOCrZMeqqI6KFf8mr8AWidBTiqQozkof/WHiqSCSks4NqYX+IkNM6wtI5zOSv3U0ASTCR7RnqMSC2rCbHHqDF04ZYhipV1Jixbq74kMC2OmInKdAtuxWfXm4n9eL7XxdZgxmaSWSrJcFKccWYXmf6Mh05RYPnUEE83crYiMscbEunRKLoRg9eV10q7XAr8W3NcrjZs8jiKcwTlcQgBX0IA7aEILCIzgGV7hzePei/fufSxbC14+cwp/4H3+AIybjUs=</latexit><latexit sha1_base64="YiqkinazTVA+V1UP2d6KfJ9Gxkc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hGjPBLYkNlhFibMYzMza0I2fIIXDxrj1S/y5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflopwkNBR5JFjOCrZMeqqI6KFf8mr8AWidBTiqQozkof/WHiqSCSks4NqYX+IkNM6wtI5zOSv3U0ASTCR7RnqMSC2rCbHHqDF04ZYhipV1Jixbq74kMC2OmInKdAtuxWfXm4n9eL7XxdZgxmaSWSrJcFKccWYXmf6Mh05RYPnUEE83crYiMscbEunRKLoRg9eV10q7XAr8W3NcrjZs8jiKcwTlcQgBX0IA7aEILCIzgGV7hzePei/fufSxbC14+cwp/4H3+AIybjUs=</latexit>
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<latexit sha1_base64="2bXA2Xn1WAbHprU0S6B5mGjIUBU=">AAACA3icbVC7TsMwFHXKq4RXgA0WixaJqUq6wFiVhbEI+pCaKHIcp7Xq2JHtIFVVJRZ+hYUBhFj5CTb+BrfNAC1HsnR0zr3X954oY1Rp1/22SmvrG5tb5W17Z3dv/8A5POookUtM2lgwIXsRUoRRTtqaakZ6mSQojRjpRqPrmd99IFJRwe/1OCNBigacJhQjbaTQOfG5oDwmXMOmyHns+7bgsHoX8mroVNyaOwdcJV5BKqBAK3S+/FjgPDXDMENK9T0308EESU0xI1PbzxXJEB6hAekbylFKVDCZ3zCF50aJYSKkeWaZufq7Y4JSpcZpZCpTpIdq2ZuJ/3n9XCdXwYTyLNeE48VHSc6gFnAWCIypJFizsSEIS2p2hXiIJMLaxGabELzlk1dJp17z3Jp3W680mkUcZXAKzsAF8MAlaIAb0AJtgMEjeAav4M16sl6sd+tjUVqyip5j8AfW5w9a0Jan</latexit><latexit sha1_base64="2bXA2Xn1WAbHprU0S6B5mGjIUBU=">AAACA3icbVC7TsMwFHXKq4RXgA0WixaJqUq6wFiVhbEI+pCaKHIcp7Xq2JHtIFVVJRZ+hYUBhFj5CTb+BrfNAC1HsnR0zr3X954oY1Rp1/22SmvrG5tb5W17Z3dv/8A5POookUtM2lgwIXsRUoRRTtqaakZ6mSQojRjpRqPrmd99IFJRwe/1OCNBigacJhQjbaTQOfG5oDwmXMOmyHns+7bgsHoX8mroVNyaOwdcJV5BKqBAK3S+/FjgPDXDMENK9T0308EESU0xI1PbzxXJEB6hAekbylFKVDCZ3zCF50aJYSKkeWaZufq7Y4JSpcZpZCpTpIdq2ZuJ/3n9XCdXwYTyLNeE48VHSc6gFnAWCIypJFizsSEIS2p2hXiIJMLaxGabELzlk1dJp17z3Jp3W680mkUcZXAKzsAF8MAlaIAb0AJtgMEjeAav4M16sl6sd+tjUVqyip5j8AfW5w9a0Jan</latexit><latexit sha1_base64="2bXA2Xn1WAbHprU0S6B5mGjIUBU=">AAACA3icbVC7TsMwFHXKq4RXgA0WixaJqUq6wFiVhbEI+pCaKHIcp7Xq2JHtIFVVJRZ+hYUBhFj5CTb+BrfNAC1HsnR0zr3X954oY1Rp1/22SmvrG5tb5W17Z3dv/8A5POookUtM2lgwIXsRUoRRTtqaakZ6mSQojRjpRqPrmd99IFJRwe/1OCNBigacJhQjbaTQOfG5oDwmXMOmyHns+7bgsHoX8mroVNyaOwdcJV5BKqBAK3S+/FjgPDXDMENK9T0308EESU0xI1PbzxXJEB6hAekbylFKVDCZ3zCF50aJYSKkeWaZufq7Y4JSpcZpZCpTpIdq2ZuJ/3n9XCdXwYTyLNeE48VHSc6gFnAWCIypJFizsSEIS2p2hXiIJMLaxGabELzlk1dJp17z3Jp3W680mkUcZXAKzsAF8MAlaIAb0AJtgMEjeAav4M16sl6sd+tjUVqyip5j8AfW5w9a0Jan</latexit><latexit sha1_base64="2bXA2Xn1WAbHprU0S6B5mGjIUBU=">AAACA3icbVC7TsMwFHXKq4RXgA0WixaJqUq6wFiVhbEI+pCaKHIcp7Xq2JHtIFVVJRZ+hYUBhFj5CTb+BrfNAC1HsnR0zr3X954oY1Rp1/22SmvrG5tb5W17Z3dv/8A5POookUtM2lgwIXsRUoRRTtqaakZ6mSQojRjpRqPrmd99IFJRwe/1OCNBigacJhQjbaTQOfG5oDwmXMOmyHns+7bgsHoX8mroVNyaOwdcJV5BKqBAK3S+/FjgPDXDMENK9T0308EESU0xI1PbzxXJEB6hAekbylFKVDCZ3zCF50aJYSKkeWaZufq7Y4JSpcZpZCpTpIdq2ZuJ/3n9XCdXwYTyLNeE48VHSc6gFnAWCIypJFizsSEIS2p2hXiIJMLaxGabELzlk1dJp17z3Jp3W680mkUcZXAKzsAF8MAlaIAb0AJtgMEjeAav4M16sl6sd+tjUVqyip5j8AfW5w9a0Jan</latexit>
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⌘2
<latexit sha1_base64="5S+Mo2U6O1rDGPZB4SpdbWkShk0=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0sWy2k3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzPz2E2gjYnWPkwT8iA2VCAVnaKVWD5A91Prlilt156CrxMtJheRo9MtfvUHM0wgUcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LFYvA+Nn82ik9s8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophld+JlSSIii+WBSmkmJMZ6/TgdDAUU4sYVwLeyvlI6YZRxtQyYbgLb+8Slq1qudWvbuLSv06j6NITsgpOSceuSR1cksapEk4eSTP5JW8ObHz4rw7H4vWgpPPHJM/cD5/ADCRjtw=</latexit><latexit sha1_base64="5S+Mo2U6O1rDGPZB4SpdbWkShk0=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0sWy2k3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzPz2E2gjYnWPkwT8iA2VCAVnaKVWD5A91Prlilt156CrxMtJheRo9MtfvUHM0wgUcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LFYvA+Nn82ik9s8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophld+JlSSIii+WBSmkmJMZ6/TgdDAUU4sYVwLeyvlI6YZRxtQyYbgLb+8Slq1qudWvbuLSv06j6NITsgpOSceuSR1cksapEk4eSTP5JW8ObHz4rw7H4vWgpPPHJM/cD5/ADCRjtw=</latexit><latexit sha1_base64="5S+Mo2U6O1rDGPZB4SpdbWkShk0=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0sWy2k3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzPz2E2gjYnWPkwT8iA2VCAVnaKVWD5A91Prlilt156CrxMtJheRo9MtfvUHM0wgUcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LFYvA+Nn82ik9s8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophld+JlSSIii+WBSmkmJMZ6/TgdDAUU4sYVwLeyvlI6YZRxtQyYbgLb+8Slq1qudWvbuLSv06j6NITsgpOSceuSR1cksapEk4eSTP5JW8ObHz4rw7H4vWgpPPHJM/cD5/ADCRjtw=</latexit><latexit sha1_base64="5S+Mo2U6O1rDGPZB4SpdbWkShk0=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0sWy2k3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzPz2E2gjYnWPkwT8iA2VCAVnaKVWD5A91Prlilt156CrxMtJheRo9MtfvUHM0wgUcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LFYvA+Nn82ik9s8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophld+JlSSIii+WBSmkmJMZ6/TgdDAUU4sYVwLeyvlI6YZRxtQyYbgLb+8Slq1qudWvbuLSv06j6NITsgpOSceuSR1cksapEk4eSTP5JW8ObHz4rw7H4vWgpPPHJM/cD5/ADCRjtw=</latexit>

⌘0
<latexit sha1_base64="kn3N/yBbzIpO0VtHh01dUM/WEK0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtlJbzJmdmaZmRXCkn/w4kERr/6PN//GyeOgiQUNRVU33V1RKrixvv/trayurW9sFraK2zu7e/ulg8OGUZlmWGdKKN2KqEHBJdYttwJbqUaaRAKb0fBm4jefUBuu5L0dpRgmtC95zBm1Tmp00NIHv1sq+xV/CrJMgjkpwxy1bumr01MsS1BaJqgx7cBPbZhTbTkTOC52MoMpZUPax7ajkiZownx67ZicOqVHYqVdSUum6u+JnCbGjJLIdSbUDsyiNxH/89qZja/CnMs0syjZbFGcCWIVmbxOelwjs2LkCGWau1sJG1BNmXUBFV0IweLLy6RxXgn8SnB3Ua5ez+MowDGcwBkEcAlVuIUa1IHBIzzDK7x5ynvx3r2PWeuKN585gj/wPn8ALYmO2g==</latexit><latexit sha1_base64="kn3N/yBbzIpO0VtHh01dUM/WEK0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtlJbzJmdmaZmRXCkn/w4kERr/6PN//GyeOgiQUNRVU33V1RKrixvv/trayurW9sFraK2zu7e/ulg8OGUZlmWGdKKN2KqEHBJdYttwJbqUaaRAKb0fBm4jefUBuu5L0dpRgmtC95zBm1Tmp00NIHv1sq+xV/CrJMgjkpwxy1bumr01MsS1BaJqgx7cBPbZhTbTkTOC52MoMpZUPax7ajkiZownx67ZicOqVHYqVdSUum6u+JnCbGjJLIdSbUDsyiNxH/89qZja/CnMs0syjZbFGcCWIVmbxOelwjs2LkCGWau1sJG1BNmXUBFV0IweLLy6RxXgn8SnB3Ua5ez+MowDGcwBkEcAlVuIUa1IHBIzzDK7x5ynvx3r2PWeuKN585gj/wPn8ALYmO2g==</latexit><latexit sha1_base64="kn3N/yBbzIpO0VtHh01dUM/WEK0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtlJbzJmdmaZmRXCkn/w4kERr/6PN//GyeOgiQUNRVU33V1RKrixvv/trayurW9sFraK2zu7e/ulg8OGUZlmWGdKKN2KqEHBJdYttwJbqUaaRAKb0fBm4jefUBuu5L0dpRgmtC95zBm1Tmp00NIHv1sq+xV/CrJMgjkpwxy1bumr01MsS1BaJqgx7cBPbZhTbTkTOC52MoMpZUPax7ajkiZownx67ZicOqVHYqVdSUum6u+JnCbGjJLIdSbUDsyiNxH/89qZja/CnMs0syjZbFGcCWIVmbxOelwjs2LkCGWau1sJG1BNmXUBFV0IweLLy6RxXgn8SnB3Ua5ez+MowDGcwBkEcAlVuIUa1IHBIzzDK7x5ynvx3r2PWeuKN585gj/wPn8ALYmO2g==</latexit><latexit sha1_base64="kn3N/yBbzIpO0VtHh01dUM/WEK0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtlJbzJmdmaZmRXCkn/w4kERr/6PN//GyeOgiQUNRVU33V1RKrixvv/trayurW9sFraK2zu7e/ulg8OGUZlmWGdKKN2KqEHBJdYttwJbqUaaRAKb0fBm4jefUBuu5L0dpRgmtC95zBm1Tmp00NIHv1sq+xV/CrJMgjkpwxy1bumr01MsS1BaJqgx7cBPbZhTbTkTOC52MoMpZUPax7ajkiZownx67ZicOqVHYqVdSUum6u+JnCbGjJLIdSbUDsyiNxH/89qZja/CnMs0syjZbFGcCWIVmbxOelwjs2LkCGWau1sJG1BNmXUBFV0IweLLy6RxXgn8SnB3Ua5ez+MowDGcwBkEcAlVuIUa1IHBIzzDK7x5ynvx3r2PWeuKN585gj/wPn8ALYmO2g==</latexit>

⌘1
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Theorem 2

An upper confidence sequence follows upon replacing Sn with �Sn. Under the typical assumption that the
Xn are independent with common mean µ, this is simply a confidence sequence for µ, but the setup requires
neither independence nor a common mean. In general the estimand µn may be random and may be changing
at each time n. Section 8 gives an application to causal inference in which this changing estimand makes a
great deal of practical sense.

While Theorem 1 provides a versatile building block, the O(Vn) growth of the boundary is possibly problem-
atic. From a concentration point of view, the typical deviations of Sn tend to be only O(

p
Vn), so the bound

will rapidly become loose for large n. From a confidence sequence point of view, the confidence radius will
be O(Vn/n), and Vn/n typically does not approach zero as n " 1, so the confidence sequence width will not
shrink towards zero. In other words, we cannot achieve arbitrary precision with arbitrarily large samples.
We address this problem in sections 5 and 6, building upon Theorem 1 to construct curved boundaries. We
give both a general method to compute sharp curved boundaries by numerical root finding (Proposition 3)
and an analytical approximation useful when Assumption 1 holds with the  function

 
Ber

b (�) :=

(
�
2
/2(1� b�), � < 1/b,

1, otherwise,

for some b � 0 (taking 1/0 = 1); this well-known function encompasses Hoe↵ding, Bennett and Bernstein
concentration bounds as we review in section 3.1. The analytical bound requires a parameter ⌘ > 1 and its
shape is determined by choosing a function h : R>0 ! R>0 increasing such that

P1
k=0

1/h(k)  1. We then
define the boundary

S↵(v) = S↵,b(v) := c1(⌘)
p

v�(v) + bc2(⌘)�(v) where �(v) := log h(log⌘ v) + log(EL0/↵), (2)

c1(⌘) := (⌘1/4 + ⌘
�1/4)/

p
2 and c2(⌘) :=

p
⌘ + 1. For notational simplicity we suppress the dependence of

S↵ on h(k), ⌘ and EL0 and will typically omit b as well; all claims we make using S will hold for any valid
choice of these parameters, and we will discuss specific choices as necessary. In the examples we consider,
�(v) = O(log v) or O(log log v) as v " 1, so the first term

p
Vn�(Vn) dominates for large Vn, specifically

when Vn/�(Vn) � 2b2
p
⌘. In the sub-Gaussian case with b = 0, the second term vanishes entirely.

Theorem 2 (Stitching bound). Suppose (Sn), (Vn), and  Ber
b satisfy Assumption 1. For any ↵ 2 (0, 1), ⌘ > 1

and h : R>0 ! R>0 increasing such that
P1

k=0
1/h(k)  1,

P (9n � 1 : Vn � 1 and Sn � S↵,b(Vn))  ↵. (3)

Furthermore, P (Sn � S↵,b(Vn) infinitely often) = 0 on {Vn ! 1}.

The proof is in section 11.2. An important example is when EL0 = 1 and h(k) = (k+1)s⇣(s) for some s > 1
where ⇣(s) is the Riemann zeta function. Then Theorem 2 yields the polynomial stitching boundary

S
PS

↵,b(Vn) = c1(⌘)

s

Vn

✓
s log log(⌘Vn) + log

⇣(s)

↵ logs ⌘

◆
+ bc2(⌘)

✓
s log log(⌘Vn) + log

⇣(s)

↵ logs ⌘

◆
, (4)

where the second term may be neglected in the sub-Gaussian case since b = 0. This is a “finite LIL bound”,
so-called because S↵(Vn) ⇠

p
sc

2

1
Vn log log Vn, matching the form of the law of the iterated logarithm. Note

we can bring sc
2

1
arbitrarily close to 2 by choosing ⌘ and s su�ciently close to one. Our bound improves and

generalizes a number of previous works; see section 5.2 and figure 4. For a concrete example, take ⌘ = 2 and
s = 1.4; if Sn is a sum of independent, zero-mean, 1-sub-Gaussian observations, we obtain

P
 
9n � 1 : Sn � 1.71

s

n

✓
log log(2n) + 0.72 log

5.19

↵

◆!
 ↵. (5)

In a similar vein, Theorem 2 in the matrix case yields a novel matrix finite LIL; below, �max(·) denotes the

maximum eigenvalue and �(v) = s log log(⌘v) + log d ⇣(s)
↵ log

s ⌘ .

Theorem 3. Suppose (Xn) is an adapted sequence of symmetric Rd⇥d
-valued matrices with En�1Xn = 0 and

�max(Xn)  b for all n. If Sn = �max (
Pn

i=1
Xi) and Vn = �max(

Pn
i=1

En�1X
2

n), then for any ⌘ > 1, s > 1
and ↵ 2 (0, 1), we have

P
✓
9n � 1 : Vn � 1 and Sn � c1(⌘)

p
Vn�(Vn) +

bc2(⌘)

3
�(Vn)

◆
 ↵. (6)

5

Choose any constant ⌘ > 1
and any increasing function h
such that

P1
k=0 1/h(k) = 1.
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Xi is 1-subGaussian 0-mean. Take s = 1.4, ⌘ = 2:
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Application: testing if a coin is biased (or 
estimating its bias) by repeatedly tossing it
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Abstract

We develop nonasymptotic, nonparametric confidence sequences holding over unbounded time hori-
zon and achieving arbitrary precision. Our technique draws a connection between the classical Cramèr-
Cherno↵ method, the law of the iterated logarithm (LIL), and the sequential probability ratio test
(SPRT), extending the first to produce time-uniform concentration bounds, characterizing the second in
a nonasymptotic fashion, and generalizing the third to nonparametric settings, including sub-Gaussian
and Bernstein conditions, self-normalized processes, and matrix martingales. We tighten and generalize
existing constructions of nonasymptotic iterated logarithm bounds, illustrating the generality of our proof
techniques by deriving an empirical-Bernstein finite LIL bound and also a novel upper LIL bound for the
maximum eigenvalue of a sum of random matrices. Along the way, we strengthen many famous inequal-
ities by Hoe↵ding, Bennett and Freedman, in both the scalar and matrix cases. Finally, we demonstrate
the utility of our approach with applications to covariance matrix estimation and to estimation of sample
average treatment e↵ect under the Neyman-Rubin potential outcomes model.

1 Introduction

It has become standard practice for organizations with online presence to run large-scale randomized experi-
ments, or A/B tests, to improve product performance and user experience. Such experiments are inherently
sequential: visitors arrive in a stream and outcomes are typically observed quickly relative to the duration
of the test. Results are often monitored continuously using inferential methods that assume a fixed sample,
despite the well-known problem that such monitoring can inflate Type I error substantially (Armitage et al.
1969). Furthermore, most A/B tests are run with little formal planning and very fluid decision-making, as
compared with clinical trials or industrial quality control, the traditional applications of sequential analysis.

In this paper we present methods for deriving confidence sequences as a flexible tool for inference in sequential
experiments (Lai 1984; Jennison and Turnbull 1989). A confidence sequence is a sequence of confidence
intervals satisfying a uniform coverage guarantee: after observing the n

th unit, we calculate an updated
confidence interval (Ln, Un) ✓ R for the unknown quantity of interest ✓n 2 R, with the coverage property

P(8n � 1 : Ln  ✓n  Un) � 1� ↵.

Theorems 1 and 2 are our key tools for constructing confidence sequences in a wide variety of situations. The-
orem 1 strengthens many well-known special cases, including Bennett’s inequality (Bennett 1962), Hoe↵ding’s
inequality (Hoe↵ding 1963) and other Cramèr-Cherno↵ bounds (Boucheron et al. 2013, §2.2), Freedman’s
inequality (Freedman 1975), as well as the Matrix-Hoe↵ding and Matrix Freedman’s extensions of these
bounds (Ahlswede and Winter 2002; Tropp 2011, 2012). Theorem 2 gives a flexible method for control-
ling the shape of a confidence sequence over time. For example, given a sequence of observations from a
1-sub-Gaussian distribution whose mean we would like to track, we may choose any ⌘ > 1 and an increasing
function h : R>0 ! R>0 with

P1
k=0

1/h(k) = 1, to obtain a confidence sequence of the form

Sn

n
±

⌘
1/4 + ⌘

�1/4

p
2

r
log h(log⌘ n) + log(2/↵)

n
.

Our work generalizes and sharpens related methods from Darling and Robbins (1967b, 1968), Jamieson et al.
(2014), Kaufmann et al. (2014), Balsubramani (2014), and Zhao et al. (2016). Our confidence sequences
possess the following properties:

1

Then a confidence sequence for the bias is:

Choose any constant ⌘ > 1
and any increasing function h
such that

P1
k=0 1/h(k) = 1.
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Confidence sequence for fixed quantiles

Then Pr(∀t ∈ ℕ : ̂Q t(1/2 − ut) ≤ Q(1/2) ≤ ̂Q t(1/2 + ut)) ≥ 1 − α .

Define ut :=
0.73 log log(2.04t) + 0.52 log(9.97/α)

t

Define ut :=
log log(et) + 0.75 log(34/α)

t

Pr(∀t ∈ ℕ, p ∈ (0,1) : ̂Q t(p − ut) ≤ Q(p) ≤ ̂Q t(p + ut)) ≥ 1 − α .

Confidence sequence for all quantiles simultaneously
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Figure 8: Illustration of covariance matrix confidence sequence given by Theorem 6 based on a simulated sequence
of observations. Observations are drawn i.i.d. taking values ±(

p
2

p
2)T , ±(1/

p
2 � 1/

p
2)T each with probability

1/4, with covariance matrix given by (23), which is represented by the ellipse xT⌃�1x = 1. Confidence ball with
level ↵ = 0.05 is represented by shaded area between ellipses corresponding to elements of the confidence ball with
minimal and maximal trace. Uniform bound from Theorem 6 uses b = 4 and mixture distribution FLIL

1.4 from (16)
with ⌘ = 1.1 and �max = 1/e.

where �(n) = s log log(⌘n) + log d ⇣(s)
↵ log

s ⌘ . Here, we remove the initial time condition Vn � 1 from Theorem 2
via a scaling argument, since Vn is deterministic; see appendix C. In other words,

kb⌃n � ⌃kop -
r

b log(d log n)

n
+

b log(d log n)

n
,

uniformly for all n � 1 with high probability. We are not aware of other results like these for sequential
covariance matrix estimation. Figure 8 illustrates the discrete mixture bound with F
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so that kxik2  2 and the true covariance is
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0
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A . (23)

The true covariance matrix ⌃ is represented by the ellipse x
T⌃�1

x = 1. The orange ellipse represents
the area between the ellipses corresponding to elements of the confidence ball with minimal and maximal
operator norm.

10 Discussion and future work

We have described a general approach to constructing fully sequential, nonasymptotic confidence sequences
under a variety of nonparametric assumptions. The approach can be understood both in relation to Wald’s
sequential probability ratio test and its descendants, as well as to the Cramèr-Cherno↵ technique for con-
centration inequalities. Our methods support open-ended experiments with unbounded sample size and
flexible decision making. By applying our methods to the Neyman-Rubin potential outcomes model, we give
a robust solution to causal inference in sequential experiments which is justified solely by the randomization
mechanism. We further derive novel iterated logarithm laws for matrix martingales and useful sequential
procedures for covariance matrix estimation.

Our consideration of optimality has been limited to the discussion in section 6.5. It would be valuable to
further explore various optimality properties for nonasymptotic uniform bounds. For example:
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uniformly w.h.p.
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Consider X ∈ ℝd, EX = 0, |Xi | ≤ b .



our 
bounds

Sequential Probability 
Ratio Test (SPRT)

Law of the Iterated 
Logarithm (LIL)

Cramer-Chernoff 
inequalities

(nonparametric)

(nonasymptotic)(uniform)



Game-theoretic methods are very practical

1. Election auditing: the state-of-the-art post-election audits 
are now based on betting for sampling without replacement. 

2. A/B testing: our A/B tests are being used by Amazon, 
Netflix in public-facing software. 

3. On and off-policy evaluation: our confidence sequences  
are deployed at Adobe, Microsoft in public-facing software.


