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Graph matching (network alignment)

Goal: find a mapping between two node sets that maximally aligns the
edges (i.e. minimizes # of adjacency disagreements)

Quadratic Assignment Problem (QAP): max (A, TIBII")

Ies,

Noiseless case: reduce to graph isomorphism

Jiaming Xu (Duke) Random Graph Matching 2



Correlated Erd6s-Rényi graphs model
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Correlated Erdos-Rényi graphs model
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Correlated Erdos-Rényi graphs model

G'1 and G differ by a fraction 0 £1—sof edges, under the correct node
mapping
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Information-theoretic limits

p: edge probability d =1 — s: fraction of errors (differed edges)

Theorem (Cullina-Kiyavash '18, Wu-X.-Yu' 21)

For p = o(1), exact recovery of * is information-theoretically possible if
and only if

nps® — logn — 400

Interpretation: Intersection graph G A G ~ G(n, ps?) is connected

Jiaming Xu (Duke) Random Graph Matching 4



Information-theoretic limits

p: edge probability d =1 — s: fraction of errors (differed edges)

Theorem (Cullina-Kiyavash '18, Wu-X.-Yu' 21)

For p = o(1), exact recovery of * is information-theoretically possible if
and only if
nps® — logn — 400

Interpretation: Intersection graph G A G ~ G(n, ps?) is connected

Computationally:

® Noiseless s = 1(0 = 0): optimal condition is attained in linear-time
[Bollob3s '82, Czajka-Pandurangan '08]

® Noisy case s < 1(0 > 0): little is known for efficient algorithms until
recently
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Main result

p: edge probability

d =1 — s: fraction of errors (differed edges)
Theorem (Fan-Mao-Wu-X. '19)

Exact recovery is achieved efficiently by a new spectral method whp if
np > (logn)¢ and 6 < (logn)™©

for some absolute constant C.
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Main result

p: edge probability

d =1 — s: fraction of errors (differed edges)
Theorem (Fan-Mao-Wu-X. '19)

Exact recovery is achieved efficiently by a new spectral method whp if

np > (logn)¢ and 6 < (logn)™©

for some absolute constant C.

® (Classical spectral methods require § < n=¢ [Ganassali-Lelarge-Massoulié
'19]

® holds for general correlated Wigner model
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® A new spectral algorithm
® Analysis

©® Concluding remarks
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Spectral methods and applications

Estimate hidden structure using leading eigenvectors of data matrix A

® Planted clique [Alon-Krivelevich-Sudakov '98]

® Planted partition/Stochastic block model [Mcsherry '98] [Massoulié '13]

[Bordenave-Lelarge-Massoulié '15]
® (Clustering [von-Luxburg-Bousquet-Belkin '05]
® Graphon estimation [Chatterjee '15]
® Matrix completion [Keshavan-Montanari-Oh '09]
® Ranking [Negahban-Oh-Shah '17]
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Spectral methods and applications

Estimate hidden structure using leading eigenvectors of data matrix A

® Planted clique [Alon-Krivelevich-Sudakov '98]

Planted partition/Stochastic block model [Mcsherry '98] [Massoulié '13]

[Bordenave-Lelarge-Massoulié '15]
® (Clustering [von-Luxburg-Bousquet-Belkin '05]
® Graphon estimation [Chatterjee '15]
® Matrix completion [Keshavan-Montanari-Oh '09]
® Ranking [Negahban-Oh-Shah '17]

Underlying structure: A is approximately low-rank with large eigen-gap
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Analyzing spectral methods: an example

Community detection: 4 = + A—E[A]
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Analyzing spectral methods: an example

Community detection: 4 = + A—E[A]

—semi-circle law

Jiaming Xu (Duke) Random Graph Matching 8



Analyzing spectral methods: an example

Community detection: 4 = + A—E[A]

—semi-circle law

® Davis-Kahan and variants: Top eigenvectors of A = those of E [4],
if eigen-gap 2 [|A — E[A] [l

® However, adjacency matrix of Erdés-Rényi graph has full rank and
vanishing eigen-gaps
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Spectral graph matching paradigm

n
— e ¥
B = g V505
j=1

P = 2 Uy
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Spectral graph matching paradigm

n
— e ¥
B = g V505
j=1

AL 2 Mg p1 = 2 n

@ Construct a similarity matrix X based on (\;, u;) and (5, v;)
® Project X to permutation by linear assignment: e arg max (X, IT)
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Failure of previous spectral methods

® |ow-rank methods: Aligning the leading eigenvectors

X =suv, s € {£1}
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Failure of previous spectral methods

® |ow-rank methods: Aligning the leading eigenvectors

X =suv, s € {£1}

Similar ideas used in IsoRank [Singh-Xu-Berger '08] and EigenAlign
[Feizi-Quon-Mendoza-Medard-Kellis-Jadbabaie '19]
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Failure of previous spectral methods

® |ow-rank methods: Aligning the leading eigenvectors

X =suv, s € {£1}

Similar ideas used in IsoRank [Singh-Xu-Berger '08] and EigenAlign
[Feizi-Quon-Mendoza-Medard-Kellis-Jadbabaie '19]

® Full-rank methods: [Umeyama '88]

n
X = Zsiuw;r, s; € {£1}
i=1
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Failure of previous spectral methods

® |ow-rank methods: Aligning the leading eigenvectors

X =suv, s € {£1}

Similar ideas used in IsoRank [Singh-Xu-Berger '08] and EigenAlign
[Feizi-Quon-Mendoza-Medard-Kellis-Jadbabaie '19]

® Full-rank methods: [Umeyama '88]

n
X = Zsiuw;r, s; € {£1}
i=1

o All perform well with no noise, but are extremely fragile with noise

® A and B have full rank and vanishing eigen-gaps = decorrelation of
w; and v; when § =n=¢
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Eigenvector correlation decay

I[somorphic Erd6s-Rényi graphs: 500 vertices, edge probability %
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Eigenvector correlation decay

Erd8s-Rényi graphs with § = 0.1% differed edges
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Eigenvector correlation decay

Erd8s-Rényi graphs with § = 0.5% differed edges
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Eigenvector correlation decay

Erd8s-Rényi graphs with § = 1% differed edges
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o o o =]
[=] o [=] =
E= [=)] [e-] o
.

.
.

©
o
N
.
.

80 85 90 95 100 105 110 115 120
Index j
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Eigenvector correlation decay

Erd8s-Rényi graphs with § = 3% differed edges
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Eigenvector correlation decay

Erd8s-Rényi graphs with § = 5% differed edges
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A new spectral method: GRAMPA

GRAph Matching by Pairwise eigen-Alignments:

n
i —
X = E K(j X uZTij-uiva
i,j=1 " LS
~————~——" “Alignment” between u; and v
spectral weights

where 17 = bandwidth parameter, J = all-one matrix

Jiaming Xu (Duke) Random Graph Matching 17



A new spectral method: GRAMPA

GRAph Matching by Pairwise eigen-Alignments:

n
X = g % X ul-Tij uzfujT
A= i —y)? 4
J= WAL "
—_— Alignment” between u; and v;
spectral weights

where 17 = bandwidth parameter, J = all-one matrix
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A new spectral method: GRAMPA

GRAph Matching by Pairwise eigen-Alignments:

n

X = Z S R ul-Tij Cww]

(\i = i) + n? .
N—

spectral weights

1,j=1 .
7 “Alignment” between u; and v;

where 17 = bandwidth parameter, J = all-one matrix
o All pairs matter:

» Spectral weight penalizes pairs whose eigenvalues are far apart
» Cauchy weight kernel is inspired by the eigenvector correlation decay
[Bourgade-Yau '17], [Benigni '17]:

1)
i — )% + C&2

n-E [(u;,v;)?] ~
® GRAMPA is invariant to the choices of signs for u; and v;
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GRAMPA as regularized QP relaxation

¢ Graph matching as a quadratic assignment problem (QAP):

arg max (A,TIBII") = arg 1%151 |A—TIBI"|2%
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GRAMPA as regularized QP relaxation

¢ Graph matching as a quadratic assignment problem (QAP):

arg max (A,TIBII") = arg 1%151 |A—TBI"|% = arg r{Iélsn | ATT — TIB||%

® A popular quadratic programming relaxation [Zaslavskiy-Bach-Vert '09],
[Aflalo-Bronstein-Kimmel '15], [Lyzinski-Fishkind-Fiori-Vogelstein-Priebe-Sapiro '15]

e min lAX - XB]% (QP-DS)
X>0: X1=1, X "1=1
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GRAMPA as regularized QP relaxation

¢ Graph matching as a quadratic assignment problem (QAP):

arg max (A,TIBII") = arg 1%151 |A—TBI"|% = arg r{Iélsn | ATT — TIB||%

® A popular quadratic programming relaxation [Zaslavskiy-Bach-Vert '09],
[Aflalo-Bronstein-Kimmel '15], [Lyzinski-Fishkind-Fiori-Vogelstein-Priebe-Sapiro '15]

e min lAX - XB]% (QP-DS)
X>0: X1=1, X "1=1

¢ The GRAMPA similarity matrix X is (a multiple of)

arg  min |[AX — XBIh + 72 X3
X:1TX1=n

This further relaxes the DS constraint and adds a ridge regularizer
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Diagonal dominance in population version

Question: Is X “close” to true permutation matrix I1*7?
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Diagonal dominance in population version

Question: Is X “close” to true permutation matrix IT*?

Consider the “population version” of the regularized QP:

X o ar min AX — XB||% + n?|| X||?
g min | I+ 7711 X%

=n
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Diagonal dominance in population version

Question: Is X “close” to true permutation matrix IT*?

Consider the “population version” of the regularized QP:

Xoop = ar min  E[|AX — XB|%] +n?|| X
pop g, mmin [l 17 + 7| X%
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Diagonal dominance in population version

Question: Is X “close” to true permutation matrix IT*?

Consider the “population version” of the regularized QP:

Xoop = ar min  E[|AX — XB|%] +n?|| X
pop g, mmin [l 17 + 7| X%

Assume IT* =1 and A _AZE[A] and B «— B-E[B] .

nq(1—q) Vna(l—q)’
J 2(1-0)

XPOPZEI—F(l—ﬁ)ﬁ, GNW

® Xpop is close to % (center of the Birkhoff polytope)
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Xoop = ar min  E[|AX — XB|%] +n?|| X
pop g, mmin [l 17 + 7| X%

Assume IT* =1 and A _AZE[A] and B «— B-E[B] .
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J 2(1-0)

XPOPZEI—F(l—ﬁ)ﬁ, GNW

® Xpop is close to % (center of the Birkhoff polytope)
® Same analysis holds for tighter QP-DS
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Diagonal dominance in population version

Question: Is X “close” to true permutation matrix IT*?

Consider the “population version” of the regularized QP:

Xoop = ar min  E[|AX — XB|%] +n?|| X
pop g, mmin [l 17 + 7| X%

Assume IT* =1 and A _AZE[A] and B «— B-E[B] .

nq(1—q) Vna(l—q)’
J 2(1-0)

XPOPZEI—F(l—ﬁ)ﬁ, GNW

® Xpop is close to % (center of the Birkhoff polytope)
® Same analysis holds for tighter QP-DS

® Xpop is diagonally dominant: diagonals are ~
off-diagonals

26+ == times
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Diagonal dominance of the similarity matrix
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Histogram of off-diagonal (orange)
and diagonal (blue) entries

Heatmap of X

When II* = I, prove diagonal dominance

min X > max X,
i kk ) ket
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Heuristic argument: noiseless Gaussian case

= ” il , 4 T
X= 2 G e D ey

N
N
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Heuristic argument: noiseless Gaussian case

= ” il , 4 T
X= 2 G e D ey

For Gaussian matrices
® eigenvectors are uniform:

u; ~ Uniform(n-sphere) ~ \/177/\/(0,[”)

N
N
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Heuristic argument: noiseless Gaussian case

= ” il , 4 T
X= 2 G e D ey

For Gaussian matrices
® eigenvectors are uniform:

u; ~ Uniform(n-sphere) ~ \/177/\/(0,[”)

> Sum: (u;, 1)~ 1

N
N
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Heuristic argument: noiseless Gaussian case

n
n T
X = = (uy, 1) (uy, Duju;
ijzzl =)+ ’ o
For Gaussian matrices
® eigenvectors are uniform:

u; ~ Uniform(n-sphere) ~ \/177/\/(0,[”)

> Sum: (u;,1) =1
> kth entry: (u;)r =~ N(0,1).

n

N
N
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Heuristic argument: noiseless Gaussian case

n
n T
X = = (uy, 1) (uy, Duju;
13221 =)+ ’ o
For Gaussian matrices
® eigenvectors are uniform:

u; ~ Uniform(n-sphere) ~ \/177/\[(071—71)

> Sum: (u;,1) =1
> kthentry: (u;)p =~ N(0, 2).

® cigenvalues satisfies semicircle law:

1 1
- E o, = p(z) = %\/4 — 22 - 1yz1<2) (Wigner's semicircle law)
i=1

N
N

Jiaming Xu (Duke) Random Graph Matching



Heuristic argument: noiseless Gaussian case

= ” il , 4 T
X= 2 G e D ey

For Gaussian matrices
® eigenvectors are uniform:

u; ~ Uniform(n-sphere) ~ \/177/\[(071—71)

> Sum: (u;,1) =1
> kth entry: (u;)r =~ N(0,1).

'n

® cigenvalues satisfies semicircle law:
1 & 1 o .
— g oy, ~p(z) = 2—\/4 — 22 - 1yz1<2) (Wigner's semicircle law)
n T =
i=1

® eigenvalues and eigenvectors are independent

N
N
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Heuristic argument: noiseless Gaussian case

n

Ui

)\z’ - )\j)2 + 772

X =
ij=1 (

(ui, 1) (uy, 1>ulu;r
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Heuristic argument: noiseless Gaussian case

1 n T
X =) —(u, D] +> ——— o (u;, 1) (uj, Vugu,
2 ST e ey
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Heuristic argument: noiseless Gaussian case

1 n T
X =) —(u, D] +> ——— o (u;, 1) (uj, Vugu,
2 ST e ey

® First term is diagonally dominant:

"1 1 ifk=1¢
w12 (s oo dm
;nuww {1 k£l
~1 o N0,y N(0, L

n ‘n
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Heuristic argument: noiseless Gaussian case

1 n T
X =) —(u, D] +> ——— o (u;, 1) (uj, Vugu,
2 ST e ey

® First term is diagonally dominant:

"1 1 ifk=1¢
E - <’le', 1>2 (ul)k (uz)g 771 if k& ¢
— N —~— "~~~ —~— 717\/5 | 75

~LN(0,2) N(0, 2

n ‘n

Q

® Second term is perturbation:

U s 1) (W), (), ~ | L 1Y
2 T A e D 1 (), () \jn > (o)

i#] i#£]
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Heuristic argument: noiseless Gaussian case

n

1 n T
X = Z; UZ, 'LLZU —i-;)\_)\w(u,,l)(u],l)u,uj
i= j

3

® First term is diagonally dominant:

"1 1 ifk=1¢

> = (1) (w)y, (W), =7,

‘ N —~— "~~~ —~— —= if k 75 l

i=1 nvn
N0, N(O,)

® Second term is perturbation:

Ui ~ n
Zm(uiaU(%D (i), (uj), ~\/H((w_y)2+n Zdp(x)dp(y)

i#j
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Heuristic argument: noiseless Gaussian case

n

1 n T
X = Z; UZ, 'LLZU —i-;)\_)\w(u,,l)(u],l)u,uj
i= j

3

® First term is diagonally dominant:

| 1 ifk=1¢
oy [ORACINCOR LAy

-
’ A N(0,2) N(0,2)

Q

® Second term is perturbation:

Zm@“’”("ﬁ” \/H( @= ) dp(z)dp(y)

i#j

— (using semicircle law)

f
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Heuristic argument: noiseless Gaussian case

n

1 n T
X = Z; UZ, 'LLZU —i-;)\_)\w(u,,l)(u],l)u,uj
i= j

3

® First term is diagonally dominant:
"1 1 ifk=1¢
Yo 1)? () (w) =7,
— N~~~ ain if k#£¢
! =1 N(0,2) N (0,2 K

® Second term is perturbation:

> e (e D 1 () (), \/ﬂ(x_ ) dp(a)dpty)

i#]

1 . .
~ — (using semicircle law)
n

® Made rigorous when A, B are Gaussian since eigenvalues and eigenvectors
are independent, but hard to extend to Erdés-Rényi graphs
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Universality: Correlated Wigner model

Standardized weighted adjacency matrices A, B where (A;;, B;;) are
independent pairs satisfying

1 1—96
E[A;] = E[B;j] =0, E[A}] =E[B}]= o E[Ai;Bij] = —
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Key proof technique: Resolvent and local laws

Ra(z) & (A—2I)”

R
)\—z u, z € C\
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Key proof technique: Resolvent and local laws

Ra(z) & (A—21)”

R
)\—z u; z € C\

Denote Wigner's semicircle density and its Stieltjes transform by

:i\/4—$2-1z<2 and m(z) = 1 p(z)dx
o {l=l<2}

r—z
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Key proof technique: Resolvent and local laws

Ra(z) & (A—21)”

R
)\—z u, z € C\

Denote Wigner's semicircle density and its Stieltjes transform by

:i\/4—$2-1z<2 and m(z) = 1 p(z)dx
o {l=l<2}

r—z

® Empirical eigenvalue distribution converges to p

%Tr Ra(2) — m(2)
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Key proof technique: Resolvent and local laws

Ra(z) & (A—21)”

R
)\—z u, z € C\

Denote Wigner's semicircle density and its Stieltjes transform by

:i\/4—$2-1z<2 and m(z) = 1 p(z)dx
o {l=l<2}

r—z

® Empirical eigenvalue distribution converges to p
% Tr Ra(2) — m(2)
® Ra(z) ~ m(z)I entrywise [Erdos-Knowles-Yau-Yin '13]:
(Ra(2))ij = m(2) - 1ji=jy
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Key proof technique: Resolvent and local laws

Ra(z) & (A—21)”

R
)\—z u, z € C\

Denote Wigner's semicircle density and its Stieltjes transform by

:i\/4—$2-1z<2 and m(z) = 1 p(z)dx
o {l=l<2}

r—z

® Empirical eigenvalue distribution converges to p

%Tr Ra(z) = m(2)

® Ra(z) ~ m(z)I entrywise [Erdos-Knowles-Yau-Yin '13]:
(Ra(2))ij = m(z) - L=y
e Similarly, row-sum and total-sum satisfy:

> (Ra(2))i; S polylog(n) Y (Ra(2))ij = n-m(2)

J 1,J
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Universality proof step 1: Resolvent representation

Lemma (Fan-Mao-Wu-X. '19)

n T
X2 ————(u;, 1){v;, Duv,;
Sy i — g2
1
= —Rej{ RA(2)11TRp(z + in)dz
2m T
Im
n/2 zel
> Re
-3 3
—n/2

I" encloses A1, ..., A\, but not gy —in,...,uy, —in
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Step 2: Leave-one-out relation

X1 = % Reé [eIRA(z)l] [ITRB(z + in)el} dz

correlated 1st row sums
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Step 2: Leave-one-out relation

1

X4 =
11 o

Reé [eIRA(z)l] [ITRB(z + in)el} dz

correlated 1st row sums

.
_ (01 o _ (Bann Raas
A= (a1 A(l)) Ralz) = (RA,*l RA,**>
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Step 2: Leave-one-out relation

X1 = % Reé [eIRA(z)l] [ITRB(z + in)el} dz

correlated 1st row sums

T
_ (o _ (Rann Raax
A= (a1 A(l)) Ralz) = (RA,*l RA,**>
® By the Schur-complement formula

RA,l*(Z) = —RA,u(Z) . air(A(l) — ZI)_l

= —RA,H(Z) . a;rRAu)(Z)
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Step 2: Leave-one-out relation

X1 = % Reé [eIRA(z)l] [ITRB(z + in)el} dz

correlated 1st row sums
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® By the Schur-complement formula
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~ —m(2)-a) Ram(2)
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X1 = % Reé [eIRA(z)l] [ITRB(z + in)el} dz

correlated 1st row sums

T
_ (o _ (Rann Raax
A= (a1 A(l)) Ralz) = (RA,*l RA,**>
® By the Schur-complement formula

RA,l*(Z) = —RA,u(Z) . air(A(l) — ZI)_l
~ —m(2)-a) Ram(2)

® Writing a similar expression for B, we get

X~ —Ref m(z)m(z +in) [a{ Ry ()11 Rga (2 + in)b | dz
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Step 2: Leave-one-out relation

X1 = % Reé [eIRA(z)l] [ITRB(z + in)el} dz

correlated 1st row sums

T
_ (o _ (Rann Raax
A= (a1 A(l)) Ralz) = (RA,*l RA,**>
® By the Schur-complement formula

RA,l*(Z) = —RA,u(Z) . air(A(l) — ZI)_l
~ —m(2)-a) Ram(2)

® Writing a similar expression for B, we get
Xll ~ — Ref m Z + 17]) {CLIRA(U (Z)].].TRBU) (Z + i’f])bl} dz

® The vectors (ay,b;) are correlated, and independent of (A1), B(Y)
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Step 3: Separating signal from noise

Diagonal entries: Apply concentration of the bilinear form

1 .
X~ Py Re a,ir [% m(z)m(z +in)R 41 (z)llTRB(1> (z 4+ in)dz] b1
r
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Step 3: Separating signal from noise

Diagonal entries: Apply concentration of the bilinear form

1 .
X~ Py Re a,;r [% m(z)m(z +in)R 41 (z)llTRB<1> (z 4+ in)dz] b1
r

J/

-~

zln;‘s Tr[fr m(z)m(z+in)R , 1) (2)IR 5(1) (z+i77)dz]
Off-diagonal entries:
1 .
X2 ~ Py Re a] [% m(z)m(z +in) R 402 (2)11" Rgas) (2 + 177)dz} by
-
Here (a1, b2) are independent, so the conditional mean is 0
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Step 3: Separating signal from noise

Diagonal entries: Apply concentration of the bilinear form

1 .
X~ Py Re a,lT [% m(z)m(z +in)R 41 (z)llTRB<1> (z 4+ in)dz] b1
r

-~

zln;‘s Tr[§r m(z)m(z-{—in)RA(l) (2)IR (1) (z+i77)dz]

Off-diagonal entries:

1
X~ cy Re GI [% m(z)m(z 4+ in)R 4a2) (z)llTRB<12> (z+ in)dz} b
-

< (log n>2+5 Hfr

~

m(z) m(z+in)RA<12) (Z)JRB(lg) (z+i17)dz||F

Here (a1, b2) are independent, so the conditional mean is 0
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Step 4: Proof of diagonal dominance

® Diagonal entries:

1-9 1
X113~ ——Re—"Tr {% m(z)m(z +in)R o) (2)JRgm (2 + i/r/)dz]
27 n Jr
_ 1 f
~ 127: Re A m(z)m(z +1in) (m(z +in) — m(z)) dz + \77/25
1-0 0
~—— + £2
n n
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Step 4: Proof of diagonal dominance

® Diagonal entries:

1-9 1
X1~ ——Re—Tr {% m(z)m(z +1in)R o (2)JRpa) (2 + i/r/)dz]
27 n Jr
_ 1 r 1)
~ 1=9 Re — ¢ m(z)m(z +in) (m(z +in) — m(z)) dz + £
2m in Jr n?
1-94¢ )
~—— + £2
n n
e Off-diagonal entries
logn)?+e . .
X12 < % 7{ m(z)m(z +in)R 4a2) (2)IJRgaz (2 + in)dz
r P
2+
- (logn)**e
Vi
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Step 4: Proof of diagonal dominance

® Diagonal entries:

1-9 1
X1~ ——Re—Tr {% m(z)m(z +1in)R o (2)JRpa) (2 + i/r/)dz]
27 n Jr
1-4§ 1 f o
R Re w m(z)m(z +1in) (m(z +in) —m(z)) dz + \776
1-94¢ )
~—— + £2
n n
e Off-diagonal entries
logn)?+e . .
X12 < (logn)™" gn) 7{ m(z)m(z +in)R 4a2) (2)IJRgaz (2 + in)dz
r P
2+
- (logn)**e
vl

® Applying this and a union bound for every Xy, shows that X is diagonally

dominant when
V6 <1 < (logn)~ (129
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Extensions

Dense graphs ¢ = O(1): improvement to § < (log n)7(4+€)

Gaussian weighted graphs: improvement to § < (log n)_2 by direct
analysis

Similar result for a tighter QP relaxation (this is not automatic!)

arg max |[|AX — XB|E +n?| X%

Similar results for matching bipartite graphs
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@ Degree profile matching algorithm
@® Spectral graph matching algorithm

©® Concluding remarks
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Concluding remarks

® New spectral graph matching algorithm: “full-rank” spectral method

n
X =
1,7=1

_n
O = 1w+

uiu;—JUjvT

e Efficiently matches two graphs with average degree > polylog(n)
and fraction of differred edges < 1/polylog(n)
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Open problems

® Theoretical guarantees for QP-DS

IAX — X B[

min
X doubly stochastic
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Open problems

® Theoretical guarantees for QP-DS

IAX — X B[

min
X doubly stochastic

® QOther random graphs ensembles, e.g., geometric graphs
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